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Meta-Learning Hypothesis Spaces

k
⇤.1 We further assume that the function has a bounded

kernel norm kfkk⇤  B and that the domain X ⇢ Rd0

is compact. The observation noise "t are i.i.d. samples
from a zero-mean sub-Gaussian distribution with variance
proxy �

2. At every step t, the chosen input xt only
depends on the history up to step t, denoted by the random
sequence Ht�1 = {(x⌧ , y⌧ ) : 1  ⌧  t� 1}. No further
assumptions are made about the algorithm or the policy for
choosing xt. Depending on the application, Equation (1)
can serve different purposes: It can describe the stochastic
reward model of a bandit problem, or it may be the transition
dynamics of an RL agent in a stochastic environment.

For solving such problems, a central prerequisite for numer-
ous algorithms are confidence sets for f(x) based on the
history Ht�1 to balance exploration and exploitation at any
step t. For any x 2 X , the set Ct�1(x) defines an interval
to which f(x) belongs with probability greater than 1� �,

P (8x 2 X : f(x) 2 Ct�1(x)) � 1� �.

The midpoint of this interval reflects the current knowledge
of the agent, relevant for exploitation, and the width
corresponds to the uncertainty, guiding further exploration.
When the true kernel is known, an approach commonly
used in the kernelized bandit literature (Abbasi-yadkori
et al., 2011; Srinivas et al., 2009; Russo & Van Roy, 2014)
is to build sets of the form

Ct�1(k;x) = [µt�1(k;x)� ⌫t�t�1(k;x), (2)
µt�1(k;x) + ⌫t�t�1(k;x)]

where the exploration coefficient ⌫t depends on the desired
confidence level 1 � �, and may be set based on the
objective of the decision-making task. The functions µt�1

and �t�1 set the center and width of the confidence set as

µt�1(k;x) = kT
t�1(x)(Kt�1 + �̄

2I)�1yt�1 (3)

�
2
t�1(k;x) = k(x,x)� kT

t�1(x)(Kt�1 + �̄
2I)�1kt�1(x)

where �̄ is a constant, yt�1 = [y⌧ ]⌧<t is the vector
of observed values, kt�1(x) = [k(x,x⌧ )]⌧<t, and
Kt�1 = [k(xi,xj)]i,j<t is the kernel matrix. Hence
working with the right kernel function plays an integral role
in constructing well-specified sets. Since, in practice, the
true kernel k⇤ is not known by the learner, most approaches
use a hand-designed kernel that suits the problem instance
at hand or conservatively pick an expressive kernel that
constructs a rich RKHS which is very likely to contain
f . The are a number empirical approaches for selecting
the kernel, for instance cross-validation or maximizing the
marginal likelihood. However, such methods tend to be
unreliable when the available data is non-i.i.d. and comes
from sequential learning tasks.

1Appendix A.1 presents a compact refresher on the RKHS.

Addressing the issue of selecting a correct and yet efficient
kernel, we pursue a data-driven approach and meta-learn a
kernel that provably yields valid confidence intervals. This
guarantee is valid regardless of how the meta-data is gath-
ered, as long as it satisfies some basic conditions discussed
later in Assumptions 3.1 and 4.2. We consider an offline
collection of datasets Dn,m = {(xs,i, ys,i)in}sm from
m possibly non-i.i.d. tasks, each with a sample size n. Sup-
pose, for each task s, labels are generated by

ys,i = fs(xs,i) + "s,i (4)

for i  n, where "s,i are zero-mean i.i.d. sub-Gaussian noise
with variance proxy �

2. We assume the tasks are related by
the fact that all fs : X ! R come from the same function
class Hk⇤ and have a bounded RKHS norm kfskk⇤  B.
We do not make any assumptions on the policy based on
which the points xs,i are chosen.

Assumptions Our analysis requires some assumptions on
the kernel function. In particular, we assume that k⇤ is a
finite combination of known base kernels,

k
⇤(x,x0) =

pX

j=1

⌘
⇤

j kj(x,x
0), (5)

where the weight vector ⌘⇤ � 0 is unknown. Without
loss of generality, we assume that k⇤ and the base kernels
are all normalized, i.e., k⌘⇤k1  1 and kj(x,x0)  1 for
all 1  j  p and x, x0 2 X . The weight vector ⌘⇤

is potentially sparse, since not all the candidate kernels
kj actively contribute to the construction of k⇤. We use
Jk⇤ = {1  j  p : ⌘⇤j 6= 0} to refer to the group of
base kernels that are present in k

⇤. The sparse construction
of k⇤ imposes favorable structure on the meta-data, which
essentially allows us to meta-model-select the hypothesis
space and recover the true sparsity pattern denoted by Jk⇤ .
We further assume that each kj has a dj-dimensional feature
map, i.e., kj(x,x0) = �T

j (x)�j(x0), where �j 2 Rdj . For
the scope of this paper, we assume that dmax < 1, where
dmax := maxjp dj . In this finite regime, the analysis
can also be carried out in a finite-dimensional vector space.
Nevertheless, we use a function space notation since, even
though our theory focuses on the finite-dimensional setting,
empirically our approach is also applicable to kernels with
infinite dimensional feature map.2

Let �(x) denote the d-dimensional feature map for k
⇤

2We believe that meta-learning the hypothesis space in the
p ! 1 limit will be challenging. However, we expect to be
able to obtain an extension to infinite dimensional base-kernels, i.e.
dmax 2 N[{1} in future work. Moreover, note that many infinite
dimensional kernels can be uniformly approximated to arbitrary
accuracy with finite feature maps (cf., Rahimi et al., 2007).
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We formally analyze the problem when the true kernel is a
combination of known base kernels. We prove that the solu-
tion to META-KEL corresponds to an RKHS which contains
the true function space (Theorem 4.3). Further, the meta-
learned kernel has a sparse structure (Proposition 4.4) which
reduces the variance of the resulting learner, and makes the
learner more efficient for solving the downstream sequen-
tial decision-making problem. With mild assumptions on
the data, we show that the meta-learned kernel yields confi-
dence bands matching the ones given oracle knowledge of
the true kernel, as more samples of the meta-data are pro-
vided (Theorem 5.1). These provably reliable confidence
estimates constitute the key contribution of our work and
distinguishes META-KEL from the previous ones.

To demonstrate how META-KEL can be applied to a se-
quential task, we analyze a Bayesian optimization algorithm
when it uses the meta-learned kernel and compare it to the
same algorithm when it has knowledge of the true kernel,
i.e., the oracle algorithm. By increasing size of the meta-
learning data, the regret bound we obtain approaches the
rate of the oracle (Corollary 5.2).

Contributions Our main contributions are:

• We introduce META-KEL, a method for meta-learning
the hypothesis space of a sequential decision task,
which yields provably valid adaptive confidence sets.

• Our meta-learnt confidence bounds converge to the
ones estimated by the oracle at a O(1/

p
mn) rate.

Here, m is the number of tasks in the meta-data and n

is the number of samples per task.

• Applied to BO, our results imply a sublinear regret
guarantee for the GP-UCB algorithm using our meta-
learned kernel. This bound approaches that of the
oracle algorithm as the amount of meta-data increases.

2. Related Work
Numerous sequential decision-making methods rely on con-
fidence sets for uncertainty quantification, e.g., UCB algo-
rithms (Srinivas et al., 2009; Chowdhury & Gopalan, 2017)
for Bayesian optimization and bandits, safe exploration
and various forms of RL (Berkenkamp et al., 2017; Curi
et al., 2020; Kakade et al., 2020; Sessa et al., 2020). Most
of these methods assume the true hypothesis space as given.
However, in practice, we typically do not know the correct
hypothesis space, e.g., in form of a kernel. A body of recent
work considers the unknown kernel setting and analyzes
the effect of working with a misspecified hypothesis space
(Wynne et al., 2021; Simchowitz et al., 2021; Bogunovic &
Krause, 2021). Alternatively, Berkenkamp et al. (2019) pro-
pose to successively expand the hypothesis space throughout

the course of BO so that the algorithm remains no-regret
in a setting where the kernel lengthscale is unknown.

Our work relates to meta-learning for Bayesian optimization.
There is a recent line of algorithms that improve accuracy
of base sequential learners via meta-learning, albeit without
theoretical guarantees (Rothfuss et al., 2021a;b), or with
mild guarantees in special cases (Kveton et al., 2020;
Boutilier et al., 2020). There are a number of results on
updating bandit priors or policies by meta-learning, under
problem settings different than ours. Basu et al. (2021) work
with a sequence of multi-armed bandit tasks, and adaptively
meta-learn the mean of the Gaussian prior used for the
next task. Others consider solving a number of structurally
similar linear bandit tasks in parallel (Wang et al., 2017;
Cella et al., 2020; Cella & Pontil, 2021). They propose how
to efficiently update the policy when each learner has access
to the data across all tasks. We significantly improve upon
the work of Wang et al. (2018b) which analyzes the simple
regret of the GP-UCB algorithm (Srinivas et al., 2009) for
multi-armed and linear bandits, when the mean and variance
of the Gaussian prior are unknown, and there is sufficient
offline i.i.d. data drawn from the same Gaussian distribution.

Our framework considers structural sparsity at the kernel
level, translating to group sparsity for the coefficients
vectors, if applied to linear bandits. Thus our work relates
to results on sparse linear bandits and Lasso bandits. In
this area, Bastani & Bayati (2020) and Hao et al. (2020)
give dimension-independent regret bounds for Explore-
Then-Commit algorithms under certain assumptions over
the action set. This work does not consider offline data.

We draw inspiration from the early Multiple Kernel Learn-
ing (MKL) literature, which focuses on kernel design for
classification with SVMs (Bach et al., 2004; Gönen & Al-
paydın, 2011; Kloft et al., 2011; Evgeniou & Pontil, 2004;
Cristianini et al., 2006; Ong et al., 2005). In contrast, our key
contribution is to derive adaptive confidence bounds from
meta-learnt kernels for regression, even for non-i.i.d. data.
Orthogonal to most prior works, we reduce the kernel learn-
ing problem to group Lasso and leverage the properties of
the Lasso estimator, in particular seminal results of Lounici
et al. (2011) and Bach (2008). Other relevant works on con-
vergence properties of the group Lasso include Koltchinskii
& Yuan (2008), Liu & Zhang (2009) and Bunea et al. (2013).

3. Problem Statement
Consider a sequential decision-making problem, where the
agent repeatedly interacts with an environment and makes
observations

yt = f(xt) + "t (1)

of an unknown function f : X ! R residing in an RKHS
Hk⇤ that corresponds to an unknown kernel function
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Algorithm 1 Iterative META-KEL solver
1: Input Dm,n, �, kj : 81  j  p, ✏, Tstop

2: Initialize (↵(0)
1 , · · · ,↵(0)

m ,⌘(0))
3: t 1
4: while t  Tstop or L1(↵

(t�1)
1 , · · · ,↵(t�1)

1 ;⌘(t�1)) � ✏ do
5: ⌘(t)  argminL1(↵

(t�1)
1 , · · · ,↵(t�1)

m ;⌘)
6: for all s 2 [1, · · · ,m] do
7: ↵(t)

s  argminL2(⌘(t);↵s)
8: end for
9: t t+ 1

10: end while

Figure 7: Examples of possible functions fs for the meta-dataset.
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With oracle knowledge of k⇤,

|µt�1(k
⇤;x)� f(x)|  �t�1(k

⇤;x)
⇣
B + �

q
d⇤ log

�
1 + �̄�2t

�
+ 2 + 2 log(1/�))

⌘
.

The meta-learned confidence bounds approach the oracle bounds,
as amounts of offline data grows.

We let k⇤(x, x0) = 1
5

P
j2J⇤ Pj(x)Pj(x0), where Pj is a degree-j Leg-

endre polynomial and J
⇤ is a random subset of size 5 from {1, · · · , 20}.

Using this kernel, we generate a random meta-data set of size m = n = 50.
On a test task, with a fresh new function f

⇤, we assess the confidence sets
at t = 4. We check 1) if the sets are valid and 2) if they are tight.

We commit to confidence sets of the form,

Ct�1(k1;x)

Ct�1(k2;x)

Ct�1(k
⇤;x)

Ct�1(k̂;x)

Goal: Find k̂ such that these sets are valid,

Empirical width of the confidence band.

Empirical coverage of the confidence band
vs. the true 1� �

Both quantities are averages over a sample
of size 1000 from X . Error bars show stan-
dard error for 50 runs of the problem.

If applied to Bandit optimization, the sets imply a sublinear regret guaran-
tee for the GP-UCB algorithm using k̂. This regret bound approaches that
of the oracle algorithm.

Sequential decision-making describes a class of problems where a learner
sequentially interacts with an unknown stochastic environment, with the
goal of maximizing a reward.

Obtaining reliable confidence sequences for unknown target functions is
a central challenge in sequential decision-making tasks, e.g., Bayesian
Optimization and model-based RL.

These confidence sets are typically constructed by relying on oracle
knowledge of the hypothesis space, e.g., a known RKHS. This is a strong
assumption.

We propose any-time valid confidence sets that rely on a meta-learned
hypothesis space, instead of assuming oracle knowledge.
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Figure 8: BO (minimization) with META-KEL. Upper plot shows the state at t = 5 and the lower plot at t = 55.

f 2 Hk⇤

fs 2 Hk⇤

w.h.p. {8x 2 X : f(x) 2 Ct�1(k
⇤;x)}

xt = argmax
x2X

Ct�1(k̂;x)

Jk⇤ ⇢ {1, · · · , 20}, |Jk⇤ | = 5

yt = f
⇤(xt) + ✏t

xt 2 X , depends on the history (x1:t�1, y1:t�1)

X ⇢ Rd0 , compact

✏t: �2 sub-Gussian, i.i.d.

f
⇤ : X ! R, f⇤ 2 Hk⇤ , kf⇤kk⇤  B

k
⇤ unknown

Find k̂ s.t. the confidence sets are valid

P
⇣
8x 2 X , 8t � 1 : f⇤(x) 2 Ct�1(k̂;x)

⌘

Ct�1(k;x) = [µt�1(k;x)± ⌫t�t�1(k;x)]
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i.e., exists dj < 1 where kj(x,x0) = �T (x)�(x0) and � 2 Rdj .

i.e., the sparsity patterns match with high probability.

Construct the confidence sets (see Equation 1)

Ct�1(k̂;x) = [µt�1(k̂;x)± ⌫t�t�1(k̂;x)]

⌫t = B

⇣
1 + ✏(n,m)

⌘
+ �

q
d̂ log (1 + �̄�2t) + 2 + 2 log(1/�)

For calculating µt�1 and �t�1, set �̄ = 1 + 2/t.

where d̂ is the dimension of k̂.

i.e., exists d̂ < 1 where k̂(x,x0) = �T (x)�(x0) where � 2 Rd̂

Theorem D.1 (Confidence Bounds with META-KEL). Let f 2 Hk⇤ with kfkk⇤  B, where k
⇤ is unknown. Under the

assumptions of the previous theorem, with probability greater than 1� �,

P
⇣
8x 2 X , 8t � 1 : f(x) 2 Ct�1(k̂;x)

⌘
� 1� �.

This theorem implies, with probability greater than 1� �

|µt�1(k̂;x)� f(x)|  �t�1(k̂;x)
⇣
B +B✏(n,m) + �

q
d̂ log

�
1 + �̄�2t

�
+ 2 + 2 log(1/�))

⌘

As more meta-data is provided, i.e., as m and n grow,
✏(n,m) vanishes and d̂ ! d

⇤, the dimension of k⇤.

With oracle knowledge of k⇤,

|µt�1(k
⇤;x)� f(x)|  �t�1(k

⇤;x)
⇣
B + �

q
d⇤ log

�
1 + �̄�2t

�
+ 2 + 2 log(1/�))

⌘
.

The meta-learned confidence bounds approach the oracle bounds,
as amounts of offline data grows.

We let k⇤(x, x0) = 1
5

P
j2J⇤ Pj(x)Pj(x0), where Pj is a degree-j Leg-

endre polynomial and J
⇤ is a random subset of size 5 from {1, · · · , 20}.

Using this kernel, we generate a random meta-data set of size m = n = 50.
On a test task, with a fresh new function f

⇤, we assess the confidence sets
at t = 4. We check 1) if the sets are valid and 2) if they are tight.

We commit to confidence sets of the form,

Goal: Find k̂ such that these sets are valid,

Empirical width of the confidence band.

Empirical coverage of the confidence band
vs. the true 1� �

Both quantities are averages over a sample
of size 1000 from X . Error bars show stan-
dard error for 50 runs of the problem.

If applied to Bandit optimization, the sets imply a sublinear regret guaran-
tee for the GP-UCB algorithm using k̂. This regret bound approaches that
of the oracle algorithm.

Sequential decision-making describes a class of problems where a learner
sequentially interacts with an unknown stochastic environment, with the
goal of maximizing a reward.
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The sets Ct�1(k;x) are any-time valid if P (8x 2 X , 8t � 1 : f(x) 2 Ct�1(k;x)) � 1� �

Ct�1(k;x) = [µt�1(k;x)± ⌫t�t�1(k;x)]

µt�1(k;x) = kT
t�1(x)(Kt�1 + �̄

2I)�1yt�1 (D.1)

�
2
t�1(k;x) = k(x,x)� kT

t�1(x)(Kt�1 + �̄
2I)�1kt�1(x)

Data from m similar tasks is available (fixed design)

ys,i = fs(xs,i) + "s,i, for 1  i  n and 1  s  m

"s,i: also �
2 sub-Gussian, i.i.d.

fs : X ! R, fs 2 Hk⇤ , kfskk⇤  B

s  m

i  n

Assume that true kernel can be decomposed as

k
⇤(x,x0) =

pX

j=1

⌘
⇤
j kj(x,x

0)

p < 1

⌘
⇤
j : unknown, non-negative

Better choice is ⌘⇤j 2 {0, 1}.

kj : known, finite-dimensional

Scenarios:
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Algorithm 1 Iterative META-KEL solver
1: Input Dm,n, �, kj : 81  j  p, ✏, Tstop

2: Initialize (↵(0)
1 , · · · ,↵(0)

m ,⌘(0))
3: t 1
4: while t  Tstop or L1(↵

(t�1)
1 , · · · ,↵(t�1)

1 ;⌘(t�1)) � ✏ do
5: ⌘(t)  argminL1(↵

(t�1)
1 , · · · ,↵(t�1)

m ;⌘)
6: for all s 2 [1, · · · ,m] do
7: ↵(t)

s  argminL2(⌘(t);↵s)
8: end for
9: t t+ 1

10: end while

Figure 7: Examples of possible functions fs for the meta-dataset.

How can we find a good Hk̂?How can we find a good 
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Figure 8: BO (minimization) with META-KEL. Upper plot shows the state at t = 5 and the lower plot at t = 55.
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2I)�1yt�1 (D.1)
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2
t�1(k;x) = k(x,x)� kT

t�1(x)(Kt�1 + �̄
2I)�1kt�1(x)

Data from similar tasks is available (fixed design)

ys,i = fs(xs,i) + "s,i

"s,i: also �
2 sub-Gussian, i.i.d.

fs : X ! R, fs 2 Hk⇤ , kfskk⇤  B
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Assume that true kernel can be decomposed as

k(x,x0) =
pX

j=1

⌘
⇤
j kj(x,x

0)

p < 1

⌘
⇤
j : unknown, non-negative

Better choice is ⌘⇤j 2 {0, 1}.

kj : known, finite-dimensional

Is extendable to infinite-dimensional kernels.

k⌘⇤k1  1 and kj(x,x0)  1

Sparsity pattern J
⇤ = {1  j  p : ⌘⇤j 6= 0}

Meta-loss

Proposition

We require regularity assumptions on the meta-data: Restricted Eigenvalue Assumption and Multi-task Group Beta-min
Condition.
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For each task s, the function fs is contained in Hk⇤ . By the
Mercer’s theorem fs may be decomposed as
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where �⇤

s 2 Rd is the coefficients vector of task s and
�⇤

s
(j) 2 Rdj is the sub-vector corresponding to kernel kj . It

is not possible to meta-select a base kernel kj which has not
contributed to the generation of the meta-data. Therefore, if
a base kernel is active in the construction of Hk⇤ , it is only
natural to assume that there is some task in the meta-data
which reflects this presence. More formally, we assume that,
for any j 2 Jk⇤ , there exists some s  m where �⇤

s
(j) 6= 0.

We define �⇤ = (�⇤
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, · · · ,�⇤
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T )T 2 Rmd as the concate-

nated coefficients vector for all tasks. To refer to the group
of coefficients that correspond to kernel kj across all tasks,
we use �⇤(j) = ((�⇤
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(j))T , · · · , (�⇤

m
(j))T )T 2 Rmdj . Our

next assumption guarantees that the meta-learning problem
is not ill-posed.
Assumption 3.1 (Group Beta-min Condition). There exists
c1 > 0 s.t. for all j 2 Jk⇤ it holds that

���⇤(j)
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2
� c1.

This assumption is inevitable for recovering the sparsity
pattern from empirical data and it is widely used in the
high-dimensional statistics literature (e.g., Bühlmann &
Van De Geer, 2011; Zhao & Yu, 2006; Van de Geer et al.,
2011). Assumption 3.1 implies that for j to be in Jk⇤ , the
coefficients vector corresponding to kernel kj can not be
zero or arbitrarily close to zero. In practice,

���(j)
��
2

has
to be comparable with the noise level for the activity of a
base kernel not to be mistaken with randomness.

4. Meta-learning the Hypothesis Space
(META-KEL)

In the following section, we present our formulation of
the meta-learning problem and analyze the properties of
the learned hypothesis space. We meta-learn the kernel by
solving the following optimization problem. Then, we set
the hypothesis space of the downstream learning algorithm
to be the RKHS of the meta-learned kernel.
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We will refer to this problem as Meta-Kernel Learning
(META-KEL). The first part of the objective is similar to
the kernel ridge regression loss, and accounts for how well
a series of regularized fs fit the meta-data. The last term
regularizes our choice of the kernel function. We use `1-
norm regularization for ⌘ to implicitly perform meta-model-
selection. As shown in Proposition 4.4, the meta-learned
kernel will reflect the sparsity pattern of the true kernel. The
optimization problem (7) is convex and admits an efficient
solution, as explained next.

We first introduce a vectorized formulation of Equation (7).
Let ys 2 Rn denote the observed values for a task s

and y = (yT
1 , · · · ,yT

m)T 2 Rmn the multi-task stacked
vector of observations. We then design a multi-task fea-
ture matrix. We define � to be a mn ⇥ md block-
diagonal matrix, where each block s corresponds to �s =
(�(xs,1), · · · ,�(xs,n))T , the n⇥d feature matrix of task s.
Figure 6 provides an illustration thereof. As shown in Propo-
sition 4.1, this vectorized design brings forth a parametric
equivalent of META-KEL, which happens to be the well-
known Group Lasso problem.
Proposition 4.1 (Solution of META-KEL). Let k =P
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1  j  p, it holds that

⌘̂j =
����̂(j)

���
2

with �̂ = (�̂(j))jp as the solution of the following convex
optimization problem:

min
�

1

mn
ky ���k22 + �

pX

j=1

����(j)
���
2
. (8)

We show this equivalence by eliminating ⌘. We use a trick
introduced by Bach et al. (2004), which, for w, v 2 R states
2|w| = minv>0 w

2
/v + v. The proof is given in Appendix

A.2. Problem (8) can be optimized by any Group Lasso
solver. Bach et al. (2011) present a number of coordinate
descent algorithms which efficiently find the solution.

Before introducing the meta-learned kernel k̂, we note that
Reproducing Kernel Hilbert Spaces are equivalent up to
scaling of the kernel function. For c > 0, both Hk and the
scaled version Hck contain the same set of functions. Going
from Hk to Hck, the RKHS norm of any member f would
scale by 1/c, i.e. kfkk = ckfkck. Hence, the norm k⌘̂k1
will be irrelevant when meta-learning the function space.
This norm can be scaled or normalized, and still yield the
same hypothesis space, only with a scaled operator norm.
For consistency of notation, we define k̂ as follows. For any
two points x, x0 2 X , set
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Theorem (Hypothesis Space Recovery, Informal)
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If applied to Bandit optimization, the sets imply a sublinear regret guaran-
tee for the GP-UCB algorithm using k̂. This regret bound approaches that
of the oracle algorithm.

Sequential decision-making describes a class of problems where a learner
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Obtaining reliable confidence sequences for unknown target functions is
a central challenge in sequential decision-making tasks, e.g., Bayesian
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Meta-Learning Hypothesis Spaces

i.e., exists dj < 1 where kj(x,x0) = �T (x)�(x0) and � 2 Rdj .

i.e., the sparsity patterns match with high probability.

Construct the confidence sets (see Equation 1)

Ct�1(k̂;x) = [µt�1(k̂;x)± ⌫t�t�1(k̂;x)]

⌫t = B

⇣
1 + ✏(n,m)

⌘
+ �

q
d̂ log (1 + �̄�2t) + 2 + 2 log(1/�)

For calculating µt�1 and �t�1, set �̄ = 1 + 2/t.

where d̂ is the dimension of k̂.

i.e., exists d̂ < 1 where k̂(x,x0) = �T (x)�(x0) where � 2 Rd̂

Theorem D.1 (Confidence Bounds with META-KEL). Let f 2 Hk⇤ with kfkk⇤  B, where k
⇤ is unknown. Under the

assumptions of the previous theorem, with probability greater than 1� �,

P
⇣
8x 2 X , 8t � 1 : f(x) 2 Ct�1(k̂;x)

⌘
� 1� �.

This theorem implies, with probability greater than 1� �

|µt�1(k̂;x)� f(x)|  �t�1(k̂;x)
⇣
B +B✏(n,m) + �

q
d̂ log

�
1 + �̄�2t

�
+ 2 + 2 log(1/�))

⌘

As more meta-data is provided, i.e., as m and n grow,
✏(n,m) vanishes and d̂ ! d

⇤, the dimension of k⇤.

With oracle knowledge of k⇤,

|µt�1(k
⇤;x)� f(x)|  �t�1(k

⇤;x)
⇣
B + �

q
d⇤ log

�
1 + �̄�2t

�
+ 2 + 2 log(1/�))

⌘
.

The meta-learned confidence bounds approach the oracle bounds,
as amounts of offline data grows.

We let k⇤(x, x0) = 1
5

P
j2J⇤ Pj(x)Pj(x0), where Pj is a degree-j Leg-

endre polynomial and J
⇤ is a random subset of size 5 from {1, · · · , 20}.

Using this kernel, we generate a random meta-data set of size m = n = 50.
On a test task, with a fresh new function f

⇤, we assess the confidence sets
at t = 4. We check 1) if the sets are valid and 2) if they are tight.

Empirical width of the confidence band.

Empirical coverage of the confidence band
vs. the true 1� �

Both quantities are averages over a sample of size 1000 from X .
Error bars show standard error for 50 runs of the problem.

If applied to Bandit optimization, the sets imply a sublinear regret guaran-
tee for the GP-UCB algorithm using k̂. This regret bound approaches that
of the oracle algorithm.

Sequential decision-making describes a class of problems where a learner
sequentially interacts with an unknown stochastic environment, with the
goal of maximizing a reward.

Obtaining reliable confidence sequences for unknown target functions is
a central challenge in sequential decision-making tasks, e.g., Bayesian
Optimization and model-based RL.

Meta-Learning Hypothesis Spaces

i.e., exists dj < 1 where kj(x,x0) = �T (x)�(x0) and � 2 Rdj .

i.e., the sparsity patterns match with high probability.

Construct the confidence sets (see Equation 1)

Ct�1(k̂;x) = [µt�1(k̂;x)± ⌫t�t�1(k̂;x)]

⌫t = B

⇣
1 + ✏(n,m)

⌘
+ �

q
d̂ log (1 + �̄�2t) + 2 + 2 log(1/�)

For calculating µt�1 and �t�1, set �̄ = 1 + 2/t.

where d̂ is the dimension of k̂.

i.e., exists d̂ < 1 where k̂(x,x0) = �T (x)�(x0) where � 2 Rd̂

Theorem D.1 (Confidence Bounds with META-KEL). Let f 2 Hk⇤ with kfkk⇤  B, where k
⇤ is unknown. Under the

assumptions of the previous theorem, with probability greater than 1� �,

P
⇣
8x 2 X , 8t � 1 : f(x) 2 Ct�1(k̂;x)

⌘
� 1� �.

This theorem implies, with probability greater than 1� �

|µt�1(k̂;x)� f(x)|  �t�1(k̂;x)
⇣
B +B✏(n,m) + �

q
d̂ log

�
1 + �̄�2t

�
+ 2 + 2 log(1/�))

⌘

As more meta-data is provided, i.e., as m and n grow, ✏(n,m) vanishes
and d̂ ! d

⇤, the dimension of k⇤.
With oracle knowledge of k⇤,

|µt�1(k
⇤;x)� f(x)|  �t�1(k

⇤;x)
⇣
B + �

q
d⇤ log

�
1 + �̄�2t

�
+ 2 + 2 log(1/�))

⌘
.

The meta-learned confidence bounds approach the oracle bounds,
as amounts of offline data grows.

We let k
⇤(x, x0) = 1

5

P
j2J⇤ Pj(x)Pj(x0), where Pj is a degree-j Legendre

polynomial and J
⇤ is a random subset of size 5 from {1, · · · , 20}. Using this kernel,

we generate a random meta-data set of size m = n = 50. On a test task, with a fresh
new function f

⇤, we assess the confidence sets at t = 4.
Empirical width of the confidence band.

Empirical coverage of the confidence band
vs. the true 1� �.
Both quantities are averages over a sample of size 1000 from X .
Error bars show standard error for 50 runs of the problem.

1� �

M
et

a-
Le

ar
ni

ng
H

yp
ot

he
sis

Sp
ac

es

i.e
.,

ex
is

ts
d
j
<

1
w

he
re

k
j
(x

,
x
0 )
=

�
T
(x

)�
(x

0 )
an

d
�
2
R

d
j
.

i.e
.,

th
e

sp
ar

si
ty

pa
tte

rn
sm

at
ch

w
ith

hi
gh

pr
ob

ab
ili

ty
.

C
on

st
ru

ct
th

e
co

nfi
de

nc
e

se
ts

(s
ee

Eq
ua

tio
n

1)

C t
�
1
(k̂
;x

)
=

[µ
t�

1
(k̂
;x

)
±

⌫
t�

t�
1
(k̂
;x

)]

⌫
t
=

B

⇣ 1
+

✏
(n
,
m
)⌘

+
�

q
d̂
lo
g
(1

+
�̄
�
2
t
)
+
2
+
2
lo
g(
1/

�
)

Fo
rc

al
cu

la
tin

g
µ
t�

1
an

d
�
t�

1
,s

et
�̄
=

1
+
2/

t
.

w
he

re
d̂

is
th

e
di

m
en

si
on

of
k̂

.

i.e
.,

ex
is

ts
d̂
<

1
w

he
re

k̂
(x

,
x
0 )
=

�
T
(x

)�
(x

0 )
w

he
re

�
2
R

d̂

Th
eo

re
m

D
.1

(C
on

fid
en

ce
B

ou
nd

s
w

ith
M

E
TA

-K
E

L
).

Le
tf

2
H

k
⇤

w
ith

kf
k k

⇤


B
,w

he
re

k
⇤

is
un

kn
ow

n.
U

nd
er

th
e

as
su

m
pt

io
ns

of
th

e
pr

ev
io

us
th

eo
re

m
,w

ith
pr

ob
ab

ili
ty

gr
ea

te
r

th
an

1
�

�
,

P
⇣ 8x

2
X
,
8t

�
1
:
f
(x

)
2
C t

�
1
(k̂
;x

)⌘
�

1
�

�
.

Th
is

th
eo

re
m

im
pl

ie
s,

w
ith

pr
ob

ab
ili

ty
gr

ea
te

rt
ha

n
1
�

�

|µ
t�

1
(k̂
;x

)
�

f
(x

)|


�
t�

1
(k̂
;x

)⇣ B
+

B
✏
(n
,
m
)
+

�

q
d̂
lo
g
� 1

+
�̄
�
2
t
� +

2
+

2
lo
g(
1/

�
))
⌘

A
sm

or
e

m
et

a-
da

ta
is

pr
ov

id
ed

,i
.e

.,
as

m
an

d
n

gr
ow

,✏
(n
,
m
)

va
ni

sh
es

an
d
d̂
!

d
⇤ ,

th
e

di
m

en
si

on
of

k
⇤ .

W
ith

or
ac

le
kn

ow
le

dg
e

of
k
⇤ ,

|µ
t�

1
(k

⇤ ;
x
)
�
f
(x

)|


�
t�

1
(k

⇤ ;
x
)⇣ B

+
�

q
d
⇤
lo
g
� 1

+
�̄
�
2
t
� +

2
+

2
lo
g(
1/

�
))
⌘ .

Th
e

m
et

a-
le

ar
ne

d
co

nfi
de

nc
e

bo
un

ds
ap

pr
oa

ch
th

e
or

ac
le

bo
un

ds
,

as
am

ou
nt

so
fo

ffl
in

e
da

ta
gr

ow
s.

W
e

le
t
k
⇤ (
x
,
x
0 )

=
1 5

P
j2

J
⇤
P
j
(x
)P

j
(x

0 )
,

w
he

re
P
j

is
a

de
gr

ee
-j

Le
ge

nd
re

po
ly

no
m

ia
la

nd
J
⇤

is
a

ra
nd

om
su

bs
et

of
si

ze
5

fr
om

{1
,
··
·,

20
}.

U
si

ng
th

is
ke

rn
el

,
w

e
ge

ne
ra

te
a

ra
nd

om
m

et
a-

da
ta

se
to

fs
iz

e
m

=
n
=

50
.O

n
a

te
st

ta
sk

,w
ith

a
fr

es
h

ne
w

fu
nc

tio
n
f
⇤ ,

w
e

as
se

ss
th

e
co

nfi
de

nc
e

se
ts

at
t
=

4.
Em

pi
ric

al
w

id
th

of
th

e
co

nfi
de

nc
e

ba
nd

.

Em
pi

ric
al

co
ve

ra
ge

of
th

e
co

nfi
de

nc
e

ba
nd

vs
.t

he
tru

e
1
�
�
.

B
ot

h
qu

an
tit

ie
sa

re
av

er
ag

es
ov

er
a

sa
m

pl
e

of
si

ze
10

00
fr

om
X

.
Er

ro
rb

ar
ss

ho
w

st
an

da
rd

er
ro

rf
or

50
ru

ns
of

th
e

pr
ob

le
m

.

1
�

�

M
et

a-
Le

ar
ni

ng
H

yp
ot

he
sis

Sp
ac

es

i.e
.,

ex
is

ts
d
j
<

1
w

he
re

k
j
(x

,
x
0 )
=

�
T
(x

)�
(x

0 )
an

d
�
2
R

d
j
.

i.e
.,

th
e

sp
ar

si
ty

pa
tte

rn
s

m
at

ch
w

ith
hi

gh
pr

ob
ab

ili
ty

.

C
on

st
ru

ct
th

e
co

nfi
de

nc
e

se
ts

(s
ee

Eq
ua

tio
n

1)

C t
�
1
(k̂
;x

)
=

[µ
t�

1
(k̂
;x

)
±

⌫
t�

t�
1
(k̂
;x

)]

⌫
t
=

B

⇣ 1
+

✏
(n
,
m
)⌘

+
�

q
d̂
lo
g
(1

+
�̄
�
2
t
)
+
2
+
2
lo
g(
1/

�
)

Fo
rc

al
cu

la
tin

g
µ
t�

1
an

d
�
t�

1
,s

et
�̄
=

1
+
2/

t
.

w
he

re
d̂

is
th

e
di

m
en

si
on

of
k̂

.

i.e
.,

ex
is

ts
d̂
<

1
w

he
re

k̂
(x

,
x
0 )
=

�
T
(x

)�
(x

0 )
w

he
re

�
2
R

d̂

T
he

or
em

D
.1

(C
on

fid
en

ce
B

ou
nd

s
w

ith
M

E
TA

-K
E

L
).

Le
tf

2
H

k
⇤

w
ith

kf
k k

⇤


B
,w

he
re

k
⇤

is
un

kn
ow

n.
U

nd
er

th
e

as
su

m
pt

io
ns

of
th

e
pr

ev
io

us
th

eo
re

m
,w

ith
pr

ob
ab

ili
ty

gr
ea

te
r

th
an

1
�

�
,

P
⇣ 8x

2
X
,
8t

�
1
:
f
(x

)
2
C t

�
1
(k̂
;x

)⌘
�

1
�

�
.

Th
is

th
eo

re
m

im
pl

ie
s,

w
ith

pr
ob

ab
ili

ty
gr

ea
te

rt
ha

n
1
�

�

|µ
t�

1
(k̂
;x

)
�

f
(x

)|


�
t�

1
(k̂
;x

)⇣ B
+

B
✏
(n
,
m
)
+

�

q
d̂
lo
g
� 1

+
�̄
�
2
t
� +

2
+

2
lo
g(
1/

�
))
⌘

A
s

m
or

e
m

et
a-

da
ta

is
pr

ov
id

ed
,i

.e
.,

as
m

an
d
n

gr
ow

,✏
(n
,
m
)

va
ni

sh
es

an
d
d̂
!

d
⇤ ,

th
e

di
m

en
si

on
of

k
⇤ .

W
ith

or
ac

le
kn

ow
le

dg
e

of
k
⇤ ,

|µ
t�

1
(k

⇤ ;
x
)
�
f
(x

)|


�
t�

1
(k

⇤ ;
x
)⇣ B

+
�

q
d
⇤
lo
g
� 1

+
�̄
�
2
t
� +

2
+

2
lo
g(
1/

�
))
⌘ .

Th
e

m
et

a-
le

ar
ne

d
co

nfi
de

nc
e

bo
un

ds
ap

pr
oa

ch
th

e
or

ac
le

bo
un

ds
,

as
am

ou
nt

s
of

of
fli

ne
da

ta
gr

ow
s.

W
e

le
t
k
⇤ (
x
,
x
0 )

=
1 5

P
j
2
J

⇤
P
j
(x
)P

j
(x

0 )
,

w
he

re
P
j

is
a

de
gr

ee
-j

Le
ge

nd
re

po
ly

no
m

ia
la

nd
J
⇤

is
a

ra
nd

om
su

bs
et

of
si

ze
5

fr
om

{1
,
··
·,

20
}.

U
si

ng
th

is
ke

rn
el

,
w

e
ge

ne
ra

te
a

ra
nd

om
m

et
a-

da
ta

se
to

fs
iz

e
m

=
n
=

50
.O

n
a

te
st

ta
sk

,w
ith

a
fr

es
h

ne
w

fu
nc

tio
n
f
⇤ ,

w
e

as
se

ss
th

e
co

nfi
de

nc
e

se
ts

at
t
=

4.
Em

pi
ric

al
w

id
th

of
th

e
co

nfi
de

nc
e

ba
nd

.

Em
pi

ric
al

co
ve

ra
ge

of
th

e
co

nfi
de

nc
e

ba
nd

vs
.t

he
tru

e
1
�

�

B
ot

h
qu

an
tit

ie
s

ar
e

av
er

ag
es

ov
er

a
sa

m
pl

e
of

si
ze

10
00

fr
om

X
.

Er
ro

rb
ar

s
sh

ow
st

an
da

rd
er

ro
rf

or
50

ru
ns

of
th

e
pr

ob
le

m
.

1
�

�

Meta-Learning Hypothesis Spaces

i.e., exists dj < 1 where kj(x,x0) = �T (x)�(x0) and � 2 Rdj .

i.e., the sparsity patterns match with high probability.

Construct the confidence sets (see Equation 1)

Ct�1(k̂;x) = [µt�1(k̂;x)± ⌫t�t�1(k̂;x)]

⌫t = B

⇣
1 + ✏(n,m)

⌘
+ �

q
d̂ log (1 + �̄�2t) + 2 + 2 log(1/�)

For calculating µt�1 and �t�1, set �̄ = 1 + 2/t.

where d̂ is the dimension of k̂.

i.e., exists d̂ < 1 where k̂(x,x0) = �T (x)�(x0) where � 2 Rd̂

Theorem D.1 (Confidence Bounds with META-KEL). Let f 2 Hk⇤ with kfkk⇤  B, where k
⇤ is unknown. Under the

assumptions of the previous theorem, with probability greater than 1� �,

P
⇣
8x 2 X , 8t � 1 : f(x) 2 Ct�1(k̂;x)

⌘
� 1� �.

This theorem implies, with probability greater than 1� �

|µt�1(k̂;x)� f(x)|  �t�1(k̂;x)
⇣
B +B✏(n,m) + �

q
d̂ log

�
1 + �̄�2t

�
+ 2 + 2 log(1/�))

⌘

As more meta-data is provided, i.e., as m and n grow,
✏(n,m) vanishes and d̂ ! d

⇤, the dimension of k⇤.

With oracle knowledge of k⇤,

|µt�1(k
⇤;x)� f(x)|  �t�1(k

⇤;x)
⇣
B + �

q
d⇤ log

�
1 + �̄�2t

�
+ 2 + 2 log(1/�))

⌘
.

The meta-learned confidence bounds approach the oracle bounds,
as amounts of offline data grows.

We let k⇤(x, x0) = 1
5

P
j2J⇤ Pj(x)Pj(x0), where Pj is a degree-j Leg-

endre polynomial and J
⇤ is a random subset of size 5 from {1, · · · , 20}.

Using this kernel, we generate a random meta-data set of size m = n = 50.
On a test task, with a fresh new function f

⇤, we assess the confidence sets
at t = 4. We check 1) if the sets are valid and 2) if they are tight.

Empirical width of the confidence band.

Empirical coverage of the confidence band
vs. the true 1� �

Both quantities are averages over a sample
of size 1000 from X . Error bars show stan-
dard error for 50 runs of the problem.

If applied to Bandit optimization, the sets imply a sublinear regret guaran-
tee for the GP-UCB algorithm using k̂. This regret bound approaches that
of the oracle algorithm.

Sequential decision-making describes a class of problems where a learner
sequentially interacts with an unknown stochastic environment, with the
goal of maximizing a reward.

Obtaining reliable confidence sequences for unknown target functions is
a central challenge in sequential decision-making tasks, e.g., Bayesian
Optimization and model-based RL. Meta-Learning Hypothesis Spaces

These confidence sets are typically constructed by relying on oracle knowl-
edge of the hypothesis space, e.g., a known RKHS. This is a strong as-
sumption.

We propose any-time valid confidence sets that rely on a meta-learned
hypothesis space, instead of assuming oracle knowledge.
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hypothesis space, instead of assuming oracle knowledge.
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Ct�1(k;x) = [µt�1(k;x)± ⌫t�t�1(k;x)]

µt�1(k;x) = kT
t�1(x)(Kt�1 + �̄

2I)�1yt�1 (D.1)

�
2
t�1(k;x) = k(x,x)� kT

t�1(x)(Kt�1 + �̄
2I)�1kt�1(x)

Data from similar tasks is available (fixed design)

ys,i = fs(xs,i) + "s,i

"s,i: also �
2 sub-Gussian, i.i.d.

fs : X ! R, fs 2 Hk⇤ , kfskk⇤  B

s  m

i  n

Meta-Learning Hypothesis Spaces

k
⇤.1 We further assume that the function has a bounded

kernel norm kfkk⇤  B and that the domain X ⇢ Rd0

is compact. The observation noise "t are i.i.d. samples
from a zero-mean sub-Gaussian distribution with variance
proxy �

2. At every step t, the chosen input xt only
depends on the history up to step t, denoted by the random
sequence Ht�1 = {(x⌧ , y⌧ ) : 1  ⌧  t� 1}. No further
assumptions are made about the algorithm or the policy for
choosing xt. Depending on the application, Equation (1)
can serve different purposes: It can describe the stochastic
reward model of a bandit problem, or it may be the transition
dynamics of an RL agent in a stochastic environment.

For solving such problems, a central prerequisite for numer-
ous algorithms are confidence sets for f(x) based on the
history Ht�1 to balance exploration and exploitation at any
step t. For any x 2 X , the set Ct�1(x) defines an interval
to which f(x) belongs with probability greater than 1� �,

P (8x 2 X : f(x) 2 Ct�1(x)) � 1� �.

The midpoint of this interval reflects the current knowledge
of the agent, relevant for exploitation, and the width
corresponds to the uncertainty, guiding further exploration.
When the true kernel is known, an approach commonly
used in the kernelized bandit literature (Abbasi-yadkori
et al., 2011; Srinivas et al., 2009; Russo & Van Roy, 2014)
is to build sets of the form

Ct�1(k;x) = [µt�1(k;x)� ⌫t�t�1(k;x), (2)
µt�1(k;x) + ⌫t�t�1(k;x)]

where the exploration coefficient ⌫t depends on the desired
confidence level 1 � �, and may be set based on the
objective of the decision-making task. The functions µt�1

and �t�1 set the center and width of the confidence set as

µt�1(k;x) = kT
t�1(x)(Kt�1 + �̄

2I)�1yt�1 (3)

�
2
t�1(k;x) = k(x,x)� kT

t�1(x)(Kt�1 + �̄
2I)�1kt�1(x)

where �̄ is a constant, yt�1 = [y⌧ ]⌧<t is the vector
of observed values, kt�1(x) = [k(x,x⌧ )]⌧<t, and
Kt�1 = [k(xi,xj)]i,j<t is the kernel matrix. Hence
working with the right kernel function plays an integral role
in constructing well-specified sets. Since, in practice, the
true kernel k⇤ is not known by the learner, most approaches
use a hand-designed kernel that suits the problem instance
at hand or conservatively pick an expressive kernel that
constructs a rich RKHS which is very likely to contain
f . The are a number empirical approaches for selecting
the kernel, for instance cross-validation or maximizing the
marginal likelihood. However, such methods tend to be
unreliable when the available data is non-i.i.d. and comes
from sequential learning tasks.

1Appendix A.1 presents a compact refresher on the RKHS.

Addressing the issue of selecting a correct and yet efficient
kernel, we pursue a data-driven approach and meta-learn a
kernel that provably yields valid confidence intervals. This
guarantee is valid regardless of how the meta-data is gath-
ered, as long as it satisfies some basic conditions discussed
later in Assumptions 3.1 and 4.2. We consider an offline
collection of datasets Dn,m = {(xs,i, ys,i)in}sm from
m possibly non-i.i.d. tasks, each with a sample size n. Sup-
pose, for each task s, labels are generated by

ys,i = fs(xs,i) + "s,i (4)

for i  n, where "s,i are zero-mean i.i.d. sub-Gaussian noise
with variance proxy �

2. We assume the tasks are related by
the fact that all fs : X ! R come from the same function
class Hk⇤ and have a bounded RKHS norm kfskk⇤  B.
We do not make any assumptions on the policy based on
which the points xs,i are chosen.

Assumptions Our analysis requires some assumptions on
the kernel function. In particular, we assume that k⇤ is a
finite combination of known base kernels,

k
⇤(x,x0) =

pX

j=1

⌘
⇤

j kj(x,x
0), (5)

where the weight vector ⌘⇤ � 0 is unknown. Without
loss of generality, we assume that k⇤ and the base kernels
are all normalized, i.e., k⌘⇤k1  1 and kj(x,x0)  1 for
all 1  j  p and x, x0 2 X . The weight vector ⌘⇤

is potentially sparse, since not all the candidate kernels
kj actively contribute to the construction of k⇤. We use
Jk⇤ = {1  j  p : ⌘⇤j 6= 0} to refer to the group of
base kernels that are present in k

⇤. The sparse construction
of k⇤ imposes favorable structure on the meta-data, which
essentially allows us to meta-model-select the hypothesis
space and recover the true sparsity pattern denoted by Jk⇤ .
We further assume that each kj has a dj-dimensional feature
map, i.e., kj(x,x0) = �T

j (x)�j(x0), where �j 2 Rdj . For
the scope of this paper, we assume that dmax < 1, where
dmax := maxjp dj . In this finite regime, the analysis
can also be carried out in a finite-dimensional vector space.
Nevertheless, we use a function space notation since, even
though our theory focuses on the finite-dimensional setting,
empirically our approach is also applicable to kernels with
infinite dimensional feature map.2

Let �(x) denote the d-dimensional feature map for k
⇤

2We believe that meta-learning the hypothesis space in the
p ! 1 limit will be challenging. However, we expect to be
able to obtain an extension to infinite dimensional base-kernels, i.e.
dmax 2 N[{1} in future work. Moreover, note that many infinite
dimensional kernels can be uniformly approximated to arbitrary
accuracy with finite feature maps (cf., Rahimi et al., 2007).

And kernel has an additive structure,

this holds for all Mercer kernels

Results
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where d =
Pp

j=1 dj and

�(x) =
⇣p

⌘
⇤

1�
T
1 (x), · · · ,

p
⌘⇤p�

T
p (x)

⌘T
.

For each task s, the function fs is contained in Hk⇤ . By the
Mercer’s theorem fs may be decomposed as

fs(x) = �T (x)�⇤

s =
pX

j=1

q
⌘
⇤

j�
T
j (x)�

⇤

s
(j)

, (6)

where �⇤

s 2 Rd is the coefficients vector of task s and
�⇤

s
(j) 2 Rdj is the sub-vector corresponding to kernel kj . It

is not possible to meta-select a base kernel kj which has not
contributed to the generation of the meta-data. Therefore, if
a base kernel is active in the construction of Hk⇤ , it is only
natural to assume that there is some task in the meta-data
which reflects this presence. More formally, we assume that,
for any j 2 Jk⇤ , there exists some s  m where �⇤

s
(j) 6= 0.

We define �⇤ = (�⇤

1
T
, · · · ,�⇤

m
T )T 2 Rmd as the concate-

nated coefficients vector for all tasks. To refer to the group
of coefficients that correspond to kernel kj across all tasks,
we use �⇤(j) = ((�⇤

1
(j))T , · · · , (�⇤

m
(j))T )T 2 Rmdj . Our

next assumption guarantees that the meta-learning problem
is not ill-posed.
Assumption 3.1 (Group Beta-min Condition). There exists
c1 > 0 s.t. for all j 2 Jk⇤ it holds that

���⇤(j)
��
2
� c1.

This assumption is inevitable for recovering the sparsity
pattern from empirical data and it is widely used in the
high-dimensional statistics literature (e.g., Bühlmann &
Van De Geer, 2011; Zhao & Yu, 2006; Van de Geer et al.,
2011). Assumption 3.1 implies that for j to be in Jk⇤ , the
coefficients vector corresponding to kernel kj can not be
zero or arbitrarily close to zero. In practice,

���(j)
��
2

has
to be comparable with the noise level for the activity of a
base kernel not to be mistaken with randomness.

4. Meta-learning the Hypothesis Space
(META-KEL)

In the following section, we present our formulation of
the meta-learning problem and analyze the properties of
the learned hypothesis space. We meta-learn the kernel by
solving the following optimization problem. Then, we set
the hypothesis space of the downstream learning algorithm
to be the RKHS of the meta-learned kernel.

min
⌘,f1,...,fm

1

m

mX

s=1

"
1

n

nX

i=1

(ys,i � fs(xs,i))
2

#

+
�

2

mX

s=1

kfsk2k +
�

2
k⌘k1

s.t. 8s : fs 2 Hk, k =
pX

j=1

⌘jkj , 0  ⌘

(7)

We will refer to this problem as Meta-Kernel Learning
(META-KEL). The first part of the objective is similar to
the kernel ridge regression loss, and accounts for how well
a series of regularized fs fit the meta-data. The last term
regularizes our choice of the kernel function. We use `1-
norm regularization for ⌘ to implicitly perform meta-model-
selection. As shown in Proposition 4.4, the meta-learned
kernel will reflect the sparsity pattern of the true kernel. The
optimization problem (7) is convex and admits an efficient
solution, as explained next.

We first introduce a vectorized formulation of Equation (7).
Let ys 2 Rn denote the observed values for a task s

and y = (yT
1 , · · · ,yT

m)T 2 Rmn the multi-task stacked
vector of observations. We then design a multi-task fea-
ture matrix. We define � to be a mn ⇥ md block-
diagonal matrix, where each block s corresponds to �s =
(�(xs,1), · · · ,�(xs,n))T , the n⇥d feature matrix of task s.
Figure 6 provides an illustration thereof. As shown in Propo-
sition 4.1, this vectorized design brings forth a parametric
equivalent of META-KEL, which happens to be the well-
known Group Lasso problem.
Proposition 4.1 (Solution of META-KEL). Let k =P

j ⌘̂jkj be a solution to Problem (7). Then, for all
1  j  p, it holds that

⌘̂j =
����̂(j)

���
2

with �̂ = (�̂(j))jp as the solution of the following convex
optimization problem:

min
�

1

mn
ky ���k22 + �

pX

j=1

����(j)
���
2
. (8)

We show this equivalence by eliminating ⌘. We use a trick
introduced by Bach et al. (2004), which, for w, v 2 R states
2|w| = minv>0 w

2
/v + v. The proof is given in Appendix

A.2. Problem (8) can be optimized by any Group Lasso
solver. Bach et al. (2011) present a number of coordinate
descent algorithms which efficiently find the solution.

Before introducing the meta-learned kernel k̂, we note that
Reproducing Kernel Hilbert Spaces are equivalent up to
scaling of the kernel function. For c > 0, both Hk and the
scaled version Hck contain the same set of functions. Going
from Hk to Hck, the RKHS norm of any member f would
scale by 1/c, i.e. kfkk = ckfkck. Hence, the norm k⌘̂k1
will be irrelevant when meta-learning the function space.
This norm can be scaled or normalized, and still yield the
same hypothesis space, only with a scaled operator norm.
For consistency of notation, we define k̂ as follows. For any
two points x, x0 2 X , set

k̂(x,x0) =
pX

j=1

⌘̂j

c1
�T

j (x)�j(x
0), (9)
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where d =
Pp

j=1 dj and
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⌘
⇤

1�
T
1 (x), · · · ,
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T
p (x)

⌘T
.
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c1 > 0 s.t. for all j 2 Jk⇤ it holds that
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2011). Assumption 3.1 implies that for j to be in Jk⇤ , the
coefficients vector corresponding to kernel kj can not be
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s
(j) 6= 0.

We define �⇤ = (�⇤

1
T
, · · · ,�⇤

m
T )T 2 Rmd as the concate-

nated coefficients vector for all tasks. To refer to the group
of coefficients that correspond to kernel kj across all tasks,
we use �⇤(j) = ((�⇤

1
(j))T , · · · , (�⇤

m
(j))T )T 2 Rmdj . Our

next assumption guarantees that the meta-learning problem
is not ill-posed.
Assumption 3.1 (Group Beta-min Condition). There exists
c1 > 0 s.t. for all j 2 Jk⇤ it holds that

���⇤(j)
��
2
� c1.

This assumption is inevitable for recovering the sparsity
pattern from empirical data and it is widely used in the
high-dimensional statistics literature (e.g., Bühlmann &
Van De Geer, 2011; Zhao & Yu, 2006; Van de Geer et al.,
2011). Assumption 3.1 implies that for j to be in Jk⇤ , the
coefficients vector corresponding to kernel kj can not be
zero or arbitrarily close to zero. In practice,

���(j)
��
2

has
to be comparable with the noise level for the activity of a
base kernel not to be mistaken with randomness.

4. Meta-learning the Hypothesis Space
(META-KEL)

In the following section, we present our formulation of
the meta-learning problem and analyze the properties of
the learned hypothesis space. We meta-learn the kernel by
solving the following optimization problem. Then, we set
the hypothesis space of the downstream learning algorithm
to be the RKHS of the meta-learned kernel.

min
⌘,f1,...,fm

1

m

mX

s=1

"
1

n

nX

i=1

(ys,i � fs(xs,i))
2

#

+
�

2

mX

s=1

kfsk2k +
�

2
k⌘k1

s.t. 8s : fs 2 Hk, k =
pX

j=1

⌘jkj , 0  ⌘

(7)

We will refer to this problem as Meta-Kernel Learning
(META-KEL). The first part of the objective is similar to
the kernel ridge regression loss, and accounts for how well
a series of regularized fs fit the meta-data. The last term
regularizes our choice of the kernel function. We use `1-
norm regularization for ⌘ to implicitly perform meta-model-
selection. As shown in Proposition 4.4, the meta-learned
kernel will reflect the sparsity pattern of the true kernel. The
optimization problem (7) is convex and admits an efficient
solution, as explained next.

We first introduce a vectorized formulation of Equation (7).
Let ys 2 Rn denote the observed values for a task s

and y = (yT
1 , · · · ,yT

m)T 2 Rmn the multi-task stacked
vector of observations. We then design a multi-task fea-
ture matrix. We define � to be a mn ⇥ md block-
diagonal matrix, where each block s corresponds to �s =
(�(xs,1), · · · ,�(xs,n))T , the n⇥d feature matrix of task s.
Figure 6 provides an illustration thereof. As shown in Propo-
sition 4.1, this vectorized design brings forth a parametric
equivalent of META-KEL, which happens to be the well-
known Group Lasso problem.
Proposition 4.1 (Solution of META-KEL). Let k =P

j ⌘̂jkj be a solution to Problem (7). Then, for all
1  j  p, it holds that

⌘̂j =
����̂(j)

���
2

with �̂ = (�̂(j))jp as the solution of the following convex
optimization problem:

min
�

1

mn
ky ���k22 + �

pX

j=1

����(j)
���
2
. (8)

We show this equivalence by eliminating ⌘. We use a trick
introduced by Bach et al. (2004), which, for w, v 2 R states
2|w| = minv>0 w

2
/v + v. The proof is given in Appendix

A.2. Problem (8) can be optimized by any Group Lasso
solver. Bach et al. (2011) present a number of coordinate
descent algorithms which efficiently find the solution.

Before introducing the meta-learned kernel k̂, we note that
Reproducing Kernel Hilbert Spaces are equivalent up to
scaling of the kernel function. For c > 0, both Hk and the
scaled version Hck contain the same set of functions. Going
from Hk to Hck, the RKHS norm of any member f would
scale by 1/c, i.e. kfkk = ckfkck. Hence, the norm k⌘̂k1
will be irrelevant when meta-learning the function space.
This norm can be scaled or normalized, and still yield the
same hypothesis space, only with a scaled operator norm.
For consistency of notation, we define k̂ as follows. For any
two points x, x0 2 X , set

k̂(x,x0) =
pX

j=1

⌘̂j

c1
�T

j (x)�j(x
0), (9)

Meta-Learning Hypothesis Spaces

Ct�1(k;x) = [µt�1(k;x)± ⌫t�t�1(k;x)]

µt�1(k;x) = kT
t�1(x)(Kt�1 + �̄

2I)�1yt�1 (D.1)

�
2
t�1(k;x) = k(x,x)� kT

t�1(x)(Kt�1 + �̄
2I)�1kt�1(x)

Data from m similar tasks is available (fixed design)

ys,i = fs(xs,i) + "s,i, for 1  i  n and 1  s  m

"s,i: also �
2 sub-Gussian, i.i.d.

fs : X ! R, fs 2 Hk⇤ , kfskk⇤  B

s  m

i  n

Assume that true kernel can be decomposed as

k
⇤(x,x0) =

pX

j=1

⌘
⇤
j kj(x,x

0)

p < 1

⌘
⇤
j : unknown, non-negative

Better choice is ⌘⇤j 2 {0, 1}.

kj : known, finite-dimensional

Is extendable to infinite-dimensional kernels.

k⌘⇤k1  1 and kj(x,x0)  1

J
⇤ = {1  j  p : ⌘⇤j 6= 0} captures sparsity pattern of tk.

Let k̂ be the minimizer of

(META-KEL)

We require regularity assumptions on the meta-data:

Restricted Eigenvalue Assumption and Multi-task Group Beta-min Condition.

When data from similar tasks is available,

We propose:
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Theorem (Informal)

Under mild regularity assumptions on the meta-data, with

probability greater than 1� �,

- k̂ is sparse (in the sense of k⌘k1)
- Hk⇤ ✓ Hk̂

- For f 2 Hk⇤ :

P
⇣
8x 2 X , 8t � 1 : f (x) 2 Ct�1(k̂ ; x)

⌘
� 1� �.

Properties of the meta-learned kernel 
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Hk̂
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Policy: [GP-UCB, Srinivas et al.]
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Algorithm 1 Iterative META-KEL solver
1: Input Dm,n, �, kj : 81  j  p, ✏, Tstop

2: Initialize (↵(0)
1 , · · · ,↵(0)

m ,⌘(0))
3: t 1
4: while t  Tstop or L1(↵

(t�1)
1 , · · · ,↵(t�1)

1 ;⌘(t�1)) � ✏ do
5: ⌘(t)  argminL1(↵

(t�1)
1 , · · · ,↵(t�1)

m ;⌘)
6: for all s 2 [1, · · · ,m] do
7: ↵(t)

s  argminL2(⌘(t);↵s)
8: end for
9: t t+ 1

10: end while

Figure 7: Examples of possible functions fs for the meta-dataset.

f 2 Hk⇤

fs 2 Hk⇤

f
w.h.p.
2 Ct�1(k

⇤;x)

xt = argmax
x2X

Ct�1(k̂;x)

Goal

Meta-Learning Hypothesis Spaces for Sequential Decision-making

Parnian Kassraie 1 Jonas Rothfuss 1 Andreas Krause 1

Abstract
Obtaining reliable, adaptive confidence sets for
prediction functions (hypotheses) is a central
challenge in sequential decision-making tasks,
such as bandits and model-based reinforcement
learning. These confidence sets typically rely on
prior assumptions on the hypothesis space, e.g.,
the known kernel of a Reproducing Kernel Hilbert
Space (RKHS). Hand-designing such kernels is
error prone, and misspecification may lead to
poor or unsafe performance. In this work, we
propose to meta-learn a kernel from offline data
(META-KEL). For the case where the unknown
kernel is a combination of known base kernels,
we develop an estimator based on structured
sparsity. Under mild conditions, we guarantee
that our estimated RKHS yields valid confidence
sets that, with increasing amounts of offline
data, become as tight as those given the true
unknown kernel. We demonstrate our approach
on the kernelized bandit problem (a.k.a. Bayesian
optimization), where we establish regret bounds
competitive with those given the true kernel. We
also empirically evaluate the effectiveness of our
approach on a Bayesian optimization task.

1. Introduction
A number of well-studied machine learning problems such
as bandits, Bayesian optimization (BO) and model-based
reinforcement learning are characterized by an agent that
sequentially interacts with an unknown, responsive system.
Throughout the interaction, the agent’s goal is to maximize
the cumulative reward based on an unknown underlying
function f . Common to such sequential decision-making
problems is an exploration-exploitation trade-off. That is,
the agent needs to optimize its reward while, at the same
time, learns more about the unknown function f . Confi-
dence sets capture and quantify the uncertainty of the learner
about f . Thus, they are an integral tool for directing explo-

1ETH Zurich, Switzerland. Correspondence to: Parnian Kass-
raie <pkassraie@ethz.ch>.

Preprint.

Figure 1: Overview of the described framework with k
⇤ as

the true kernel function and k̂ as the solution to META-KEL.

ration towards areas of high uncertainty and balancing it
against exploitation. Moreover, in safety-critical applica-
tions, confidence sets are used to reason about the safety of
actions. Thus, they are central to efficiency and safety of
exploration. In theoretical analysis of sequential decision-
making algorithms, a common assumption is that f resides
in an RKHS with a known kernel function. This assumption
allows for the construction of the confidence sets.

In practice, however, the true kernel is unknown and needs
to be hand-crafted based on the problem instance. This is
a delicate task, since the hand-crafted hypothesis space has
to contain the unknown target function f . If this is not the
case, the learner may be over-confident and converge to a
sub-optimal policy, or incorrectly classify actions as safe.
At the same time, we want the chosen hypothesis space to
be as small so that the variance of the associated learner
is low and the agent converges quickly. This constitutes
a dilemma, where we need to trade off efficiency with a
potential loss in consistency.

We approach this dilemma in a data-driven manner. Many
applications of sequential decision-making, such as hyper-
parameter tuning with BO or online nonlinear control, are
of repetitive nature. Often, there is available data from
similar but not identical tasks which have been solved before.
Therefore, we propose to meta-learn the kernel function,
and thus the RKHS, from offline meta-data. Our method,
Meta-Kernel Learning (META-KEL), works with a generic
(i.e., not necessarily i.i.d.) data model and may be applied
to a variety of sequential decision-making tasks.

is the objective function of a BO problem.

Regret

Meta-Learning Hypothesis Spaces

|Jk⇤ |  s be the number candidate kernels that contribute to
k
⇤. If Assumption 4.2 holds with (s), then with probability

greater than 1 � �, the number of kernels active in k̂ is
bounded by

|Jk̂| 
4s

mn2(s)

which implies that if mn >
4s

p2(s) , then with the same
probability

Hk̂ ( Hkfull .

Hence, in the presence of enough meta-data, Hk̂ is a strict
subset of Hkfull , and therefore

Hk⇤
w.h.p.
✓ Hk̂

w.h.p.
( Hkfull

where the left relation is due to Theorem 4.3. Figure 2 illus-
trates the nested sets. We conclude that our meta-learned
hypothesis space has favorable properties: it contains the
true hypothesis space, and it is sparse in structure, in partic-
ular, smaller than the conservative candidate space.

The fact that Hk̂ is smaller than Hkfull reduces the complex-
ity of the downstream learning problem and yields faster
convergence rates. We provide an example of this effect
in Section 5, where we analyze a Bayesian optimization
problem, and establish how choosing k̂ improves upon kfull.
Finally, our experiments (e.g. Figure 4) support the claim
that in practice the BO algorithm is faster in finding the
optimum when it uses the meta-learned kernel.

Figure 2: The oracle Hk⇤ (Eq. 5), the meta-learned Hk̂
(Eq. 9) and the hand-picked Hkfull (Eq. 10) hypothesis
spaces (informal)

5. Sequential Decision-making with
META-KEL

We now analyze the effect of using k̂ as kernel function in
the downstream sequential decision-making problem. We
adopt the common construction of confidence sets given
in Equation (2), and define Ĉt�1(x) := Ct�1(k̂;x). We
let µ̂t�1(x) := µt�1(k̂;x), and �̂t�1(x) := �t�1(k̂;x),
where µt�1(k;x) and �t�1(k;x) are as defined in Equa-
tion (3) with �̄ = 1 + 2/T .3

3The functions µ̂t�1 and �̂t�1 are the posterior mean and vari-
ance of GP(0, k̂), conditioned on Ht�1, with noise variance �̄

2.

Theorem 5.1 shows that for the right choice of ⌫t, the set
Ĉt�1(x) is a valid confidence bound for any f 2 Hk⇤ ,
evaluated at any x 2 X , at any step t, with high probability.
Theorem 5.1 (Confidence Bounds with META-KEL). Let
f 2 Hk⇤ with kfkk⇤  B, where k

⇤ is unknown. Under
the assumptions of Theorem 4.3, with probability greater
than 1� �, for all x 2 X and 1  t  T ,

|µ̂t�1(x)�f(x)|  ⌫t�̂t�1(x)

 
B

✓
1 +

✏(n,m)

2c1

◆

+ �

s

d̂ log

✓
1 +

�̄�2t

c1

◆
+ 2 + 2 log(1/�)

!

where d̂ =
P

j2Jk̂
dj .

The proof is given in Appendix C. As discussed in Section 4,
the ✏(n,m)/2c1 term shrinks faster than O(1/

p
mn) and

d̂ approaches d⇤ =
P

j2Jk⇤ dj at a similar rate. Therefore,
Theorem 5.1 presents a tight confidence bound relative to
the case when k

⇤ is known by the agent. In this case, due
to Chowdhury & Gopalan (2017), Theorem 2, the 1 � �

confidence bound would be,

|µt�1(x)�f(x)|  �t�1(x)
⇣
B+

�

q
d⇤ log

�
1 + �̄�2t

�
+ 2 + 2 log(1/�))

⌘
.

where the mean and variance functions are defined by
µt�1(x) := µt�1(k⇤;x) and �t�1(x) := �t�1(k⇤;x) with
�̄ = 1 + 2/T . We conclude that the base learner does not
require knowledge of the true kernel for constructing confi-
dence sets, as long as there is sufficient meta-data available.
Theorem 4.3 quantifies this notion of sufficiency.

Case Study: Bayesian Optimization As an example ap-
plication, we consider the classic Bayesian optimization
problem, but in the case where Hk⇤ is unknown. This ex-
ample illustrates how Theorem 5.1 may be used to prove
guarantees for a decision-making algorithm, which uses the
meta-learned kernel due to a lack of knowledge of k⇤. We
follow the setup and BO notation of Srinivas et al. (2009).
The agent seeks to maximize an unknown reward function
f , sequentially accessed as described in Equation (1). Their
goal is to choose actions xt which maximize the cumulative
reward achieved over T time steps. This is equivalent to min-
imizing the cumulative regret RT =

PT
t=1[f(x

⇤)� f(xt)],
where x⇤ is a global maximum of f . Note that if RT /T ! 0
as T ! 1 then max1tT f(xt) ! f(x⇤), i.e., the
learner converges to the optimal value. We will refer to
this property as sublinearity of the regret. In the spirit of
the GP-UCB algorithm (Srinivas et al., 2009), we choose
the next point by maximizing the upper confidence bound
as determined by Theorem 5.1

xt = argmax
x2X

µ̂t�1(x) + ⌫t�̂t�1(x) (11)

Meta-Loss

Corollary

Provided that there is enough meta-data,

– The learner achieves sublinear regret, w.h.p.

– This guarantee is tight compared to the one for the Or-

acle learner, and approaches it at a O(1/
p
mn) rate.
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GLMNET data [Friedman et al 2010] + RFF2D synthetic data Legendre features
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