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Can we perform adaptive model selection, while simultaneously 
optimizing for a reward? Can we be sample-efficient & anytime? 
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Choose actions xt
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Receive feedback yt
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yt = r(xt) + "t

unknown reward

i.i.d. zero-mean sub-G
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At every step t

• The statistical modeling of the reward function plays a crucial role
in efficiency of bandit algorithms -- they maintain an estimate of
the target function, and use it to choose the next action.

• It is not known a priori which model is going to yield the most
sample efficient algorithm, and we can only select the right model
as we gather empirical evidence.

• Online Model Selection is not fun and games.
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Ht�1 = {(x1, y1), . . . , (xt�1, yt�1)}

History dependence → non-i.i.d sample    
Reward maximization → not so diverse sample

• Our setting
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• Online Model Selection problem

Intro

Approach

Ingredient II: Sparse Online Regression OracleIngredient I: Exponential Weights Updates

Main Results

Empirical Insights
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pt,j 2 M(X )
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9 j? 2 [M ] s.t. r(·) = ✓>
j?�j?(·)
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{�j : Rd0 ! Rd, j = 1, . . . ,M}

+ typical regularity assumptions
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M � T

sensitivity of updates

Estimate of the reward obtained by agent j so far
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>
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Increase if the the agent seems to be lucrative<latexit sha1_base64="Cbe8y5roSgdRCvBNTVcGcIf/o1M="></latexit>qt,j

• This technique is known to yield regret in full-info setting,
when all are known. But now, the regret will depend on the
bias and variance of
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✓̂t

• Typical online regression oracles are → regret
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polyM

Turn lasso into a sparse online regression oracle
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• With probability choose agent j and let them choose an action
according to their action selection policy
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• This gives ALEXP: Anytime Exponential weighting algorithm with 
Lasso reward estimates

Explore then commituses all features [Agarwal et al. 2017]

Figure 3: ALEXP is hardly affected by increasing the number of models (y-axis have various scales)

Figure 4: ALEXP can rule out models without ever having queried them (M = 165)

for model selection is robust to choice of features. ETC and ETS rely on Lasso for model selection,
which performs poorly in the case of correlated features. CORRAL uses log-barrier-OMD with an
importance-weighted estimator, which has a significantly high variance. The curve for CORRAL in
Figures 1 and 2 is cropped since the regret values get very large. Figure 6 shows the complete results.
We construct another hard instance (Fig. 2), where the model class is large (s = 3, p = 10,M = 165).
ALEXP continues to outperform all baselines with a significant gap. It is clear in the regret curves
how explore-then-commit style algorithms are inherently horizon-dependent, and may exhibit linear
regret, if stopped at an arbitrary time. This is not an issue with the other algorithms.

Scaling with M. Figure 3 shows how well the algorithms scale as M grows. For this experiment we
set s = 2 and change p 2 {9, . . . , 13}. While increasing M hardly affects ALEXP and Oracle UCB,
other baselines become less and less sample efficient.

Learning Dynamics of ALEXP. Figure 4 gives some insight into the dynamics of ALEXP when
M = 165. In particular, it shows how ALEXP can rule out sub-optimal agents without ever having
queried them. Figure (a) shows the distribution qt, at t = 20 which is roughly equal to the optimal n0

for ETC in this configuration. The oracle model j? is annotated with a star, and has the highest prob-
ability of selection. We observe that, already at this time step, more than 80% of the agents are practi-
cally ruled out, due to small probability of selection. However, according to Figure (b), which shows
Mt the total number of visited models, less than 10% of the models are queried at t = 20. This is the
key practical benefit of ALEXP compared to black-box algorithms such as CORRAL. Lastly, Figure (c)
shows how qt,j? the probability of selecting the oracle agent changes with time. While this probability
is higher than that of the other agents, Figure (c) shows that qt,j? is not exceeding 0.25, therefore
there is always a probability of greater than 0.75 that we sample another agent, making ALEXP
robust to hard problem instances where many agents perform efficiently. We conclude that ALEXP
seems to rapidly recognize the better performing agents, and select among them with high probability.

7 Conclusion

We proposed ALEXP, an algorithm for simultaneous online model selection and bandit optimization.
As a first, our approach leads to anytime valid guarantees for model selection and bandit regret,
and does not rely on a priori determined exploration schedule. Further, we showed how the Lasso
can be used together with the exponential weights algorithm to construct a low-variance online
learner. This new connection between high-dimensional statistics and online learning opens up
avenues for future research on high-dimensional online learning. We established empirically that
ALEXP has favorable exploration–exploitation dynamics, and outperforms existing baselines. We
addressed the open problem of Agarwal et al. [2017], and showed that logM dependency for regret
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Figure 1: ALEXP can model-select in both
orthogonal and correlated classes (M = 55)

Figure 2: ALEXP performs well
on a large class (M = 165)

O(n3/4
p
logM), and while it is still sublinear and scales logarithmically with M , the dependency on

n is sub-optimal. This may be due to the conservative nature of our model selection analysis, during
which we do not make assumptions about the dynamics of the base agents. Therefore, to ensure
sufficiently diverse data for successful model selection, we need to occasionally choose exploratory
actions with a vanishing probability of �t. We conjecture that this is avoidable, if we make more
assumptions about the agents, e.g., that a sufficient number of agents can achieve sublinear regret
if executed in isolation. Banerjee et al. [2023] show that the data collected by sublinear algorithms
organically satisfies a minimum eigenvalue lowerbound, which may also be sufficient for model
selection. We leave this as an open question for future work.

6 Experiments
Experiment Setup. We create a synthetic dataset based on our data model (Section 3), and choose
the domain to be 1-dimensional X = [�1, 1]. As a natural choice of features, we consider the set of
degree-p Legendre polynomials, since they form an orthonormal basis for L2(X ) if p grows unbound-
edly. We construct each feature map, by choosing s different polynomials from this set, and therefore
obtaining M =

�p+1
s

�
different models. More formally, we let �j(x) = (Pj1(x), . . . , Pjs(x)) 2 Rs

where {j1, . . . , js} ⇢ {1, . . . , p} and Pj0 denotes a degree j0 Legendre polynomial. To construct
the reward function, we randomly sample j? from [M ], and draw ✓j? from an i.i.d. standard gaussian
distribution. We then normalize ||✓j? || = 1. When sampling from the reward, we add Gaussian noise
with standard deviation � = 0.01. Figure 5 in the appendix shows how the random reward functions
may look. For all experiments we set n = 100, and plot the cumulative regret R(n) averaged over
20 different random seeds, the shaded areas in all figures show the standard error across these runs.

Algorithms. We perform experiments on two UCB algorithms, one with oracle knowledge of j?,
and a naive one which takes into account all M feature maps. We run Explore-then-Commit (ETC)
by Hao et al. [2020], which explores for a horizon of n0 steps, performs Lasso once, and then selects
actions greedily for the remaining steps. As another baseline, we introduce Explore-then-Select (ETS)
that explores for n0 steps, performs model selection using the sparsity pattern of the Lasso estimator.
For the remaining steps, the policy switches to UCB, calculated based on the selected features.
Performance of ETC and ETS depends highly on n0, so we tune this hyperparameter separately for
each experiment. We also run CORRAL as proposed by Agarwal et al. [2017], with UCB agents similar
to ALEXP. We tune the hyper-parameters of CORRAL as well. To initialize ALEXP we set the rates of
�t, �t and ⌘t according to Theorem 1, and perform a light hyper-parameter tuning to choose the scaling
constants. We have included the details and results of our hyper-parameter tuning in Appendix F.1.
To solve (1), we use CELER, a fast solver for the group Lasso [Massias et al., 2018]. Every time UCB
policy is used, we set the exploration coefficient �t = 2, and every time exploration is required, we
sample according to ⇡ = Unif(X ). Appendix F includes the pseudo-code for all baseline algorithms.

Easy vs. Hard Cases. We construct an easy problem instance, where s = 2, p = 10, and thus
M = 55. Models are lightly correlated since each two model can have at most one Legendre
polynomial in common. We also generate an instance with highly correlated feature maps where
s = 8 and p = 10, which will be a harder problem, since out of the total M = 55 models, there are
36 models which have at least 6 Legendre polynomials in common with the oracle model j?. Figure 1
shows that not only ALEXP is not affected by the correlations between the models, but also it achieves
a performance competitive to the oracle in both cases, implying that our exponential weights technique
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Figure 2: ALEXP performs well
on a large class (M = 165)
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Algorithm 1 ALEXP

Inputs: �t , ⌘t , �t for t � 1

for t � 1 do
Draw xt ⇠ (1� �t)

PM
j=1 qt,jpt,j + �tUnif(X )

Observe yt = r(xt) + ✏t .
Append history Ht = Ht�1 [ {(xt , yt)}.
Update agents pt,j for j = 1, . . . ,M.

Calculate ✓̂t  Lasso(Ht ,�t) and estimate r̂t,j

Update selection distribution qt+1,j

end for
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Regret

Theorem (Regret - Informal)

For appropriate choices of parameters,

R(T ) = Õ

✓q
T log

3
M + T

3/4
p
logM

◆

w.h.p. simultaneously for all T � 1.

[prescribed in the paper]
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i

<latexit sha1_base64="hMqFOJ0TOmwFy2s3M6biSYo1ki0=">AAACFXicbVBNS8NAFNzUr1q/qh69BIvgqSQi6lHw4lHB1kJT5GXzokt3N2H3RSmhv8Gj+mO8iVfP/hYvbmsFrQ4sDDNveG8nzqWwFATvXmVmdm5+obpYW1peWV2rr2+0bVYYji2eycx0YrAohcYWCZLYyQ2CiiVexv2TkX95i8aKTF/QIMeegmstUsGBnNSKkozsVb0RNIMx/L8knJAGm+Dsqv7hcrxQqIlLsLYbBjn1SjAkuMRhLSos5sD7cI1dRzUotL1yfOzQ33FK4qeZcU+TP1Z/JkpQ1g5U7CYV0I2d9kbif163oPSoVwqdF4Safy1KC+lT5o9+7ifCICc5cAS4Ee5Wn9+AAU6un1pkUOMdz5QCnZRRCkrIQYIpFJKGZWTTb+7aCqe7+Uvae83woLl/vt84Dia9VdkW22a7LGSH7JidsjPWYpwJds8e2ZP34D17L97r12jFm2Q22S94b588I6DY</latexit>. . .
<latexit sha1_base64="L67QbFoWu4eEabtCUYEDLsod73U=">AAACI3icbVBNSxxBFOzRGM2qycQcc2lcAp6WGVmMR8FLjgquCjvL8qbnjTb2x9D9Rl2G/Sde9c94Ey8e/Cc5pGfdQKIWNF1UvccrKq+U9JQkT9HC4oelj8srnzqra+ufv8RfN469rZ3AgbDKutMcPCppcECSFJ5WDkHnCk/yi/3WP7lE56U1RzSpcKThzMhSCqAgjeM4y60q/ESHj1+PqTOOu0kvmYG/JemcdNkcB+P4d1ZYUWs0JBR4P0yTikYNOJJC4bST1R4rEBdwhsNADWj0o2aWfMp/BKXgpXXhGeIz9d+NBrRvw4VJDXTuX3ut+J43rKncHTXSVDWhES+HylpxsrytgRfSoSA1CQSEkyErF+fgQFAoq5M5NHglrNZgiiYrQUs1KbCEWtG0yXz5l7d1pa/LeUuOt3vpTq9/2O/u9efFrbDvbJNtsZT9ZHvsFztgAybYJbtht+wuuo3uo4fo8WV0IZrvfGP/IXr+A7YZpX0=</latexit>xt

<latexit sha1_base64="8kYaWgjW2Eb010DXmyKCDUYI8pE="></latexit>

yt = r(xt) + ✏t

<latexit sha1_base64="BiVPxdxz3zxNhzp3JMHDpQunfxs="></latexit>

8t � 1
<latexit sha1_base64="8A48DYaaoIcdm+fPnPhoRYlpeAg=">AAACFXicbZBNS8NAEIY3flu/qh69BIvgqSRS1KPgxaOC/YCmlMlm0i7d3YTdiVJC/4JX/TPexKtn/4sHk7aCXy8sPLwzw8y+YSqFJc97dxYWl5ZXVtfWKxubW9s71d29lk0yw7HJE5mYTggWpdDYJEESO6lBUKHEdji6LOvtOzRWJPqWxin2FAy0iAUHKi3Rp0q/WvPq3lTuX/DnUGNzXferH0GU8EyhJi7B2q7vpdTLwZDgEieVILOYAh/BALsFalBoe/n01ol7VDiRGyemeJrcqft9Igdl7ViFRacCGtrftdL8r9bNKD7v5UKnGaHms0VxJl1K3PLjbiQMcpLjAoAbUdzq8iEY4FTEUwkMarzniVKgozyIQQk5jjCGTNIkD2z8xWVc/u9w/kLrpO6f1hs3jdpFYx7cGjtgh+yY+eyMXbArds2ajLMhe2CP7Ml5dJ6dF+d11rrgzGf22Q85b59PUqAS</latexit>

it

<latexit sha1_base64="1IGt9f8lTqnwWB4NL1x1K+Q6OGs="></latexit>

qt 2 �M

<latexit sha1_base64="6Z3qSdfr8XV7+lWTbKjWVjSHkjM="></latexit>

it ⇠ qt

Model Selection

Optimization

Restricted Eigenvalue property

cost of going ‘time uniform’ 

• Probabilistic Aggregation: Instantiate M algorithm each using a
different to model the reward. Randomly iterate over them.

Bias and variance are both 
<latexit sha1_base64="dVaXM8JNQPktaol2JJ8KTQCAm24="></latexit>

logM


