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Stackelberg Game Perspective

Experiments

View actions as players in a Stackelberg Game
• With objective             , both players choose
• True preference is unknown
• Approximate it with a lower-bound

via backward induction
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x⇤

Organically balances exploration & exploitation
• What’s the role of the Leader?
• What’s the role of the Follower?

MaxMinLCB Acquisition Function
<latexit sha1_base64="+IcqWv1t6jG94D1F4DqSf81pC5o="></latexit>

xt = argmax
x

LCBt(x � !(x))

s.t. !(x) = argmin
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x0
t = !(xt)

Theorem (Regret – Informal)
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With an appropriate choice of �t, MaxMinLCB satisfies

P
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MaxMinLCB performs consistently among the top for a 
variety of challenging utility functions with saddle points, 
local minima, and multiple global optima. 

(a) Ackley (b) Yelp

Figure A: Regret of learning the Ackley function (left) and the restaurant recommendations using the Yelp open dataset (right)
with preference feedback. Algorithms with different acquisition functions, all using our confidence sets. MAXMINLCB is more
sample-efficient.

Table B: Benchmarking RD
T for a variety of test utility functions, T = 2000.

f MAXMINLCB DOUBLER MULTISBM MAXINP RUCB IDS

Smoother Functions
Branin 104± 13 114± 9 89± 13 340± 2 101± 14 163± 22
Matyas 125± 5 136± 4 106± 7 136± 6 106± 6 128± 5

Rosenbrock 27± 4 44± 12 25± 5 109± 2 58± 7 58± 13

Complex Functions

Ackley 56± 2 72± 2 65± 0.5 120± 1 84± 0.7 111± 9
Eggholder 113± 6 154± 4 134± 3 230± 34 213± 40 141± 12
Hoelder 141± 26 154± 3 136± 15 204± 20 200± 28 132± 15

Michalewicz 138± 14 183± 11 155± 10 260± 40 269± 46 188± 21
Yelp 175± 22 263± 28 199± 25 409± 15 214± 22 255± 22

Figure C: Examples of complex and smooth rewards. Plotted from left to right are Ackley, Matyas and Branin functions.
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Figure 1: Regret of learning the Ackley function with logistic and preference feedback. (a) Same
UCB algorithms, each using a different confidence set. LGP-UCB performs best, showcasing the
power of Theorem 2. (b): Algorithms with different acquisition functions, all using our confidence
sets. MAXMINLCB is more sample-efficient.

Restricting the optimization domain to Mt ⇢ X is common in the literature [Zoghi et al., 2014a, Saha,
2021] despite being challenging in applications with large or continuous domains. We conjecture that
MAXMINLCB would enjoy similar regret guarantees without restricting the selection domain to Mt

as done in Equation (7). This claim is supported by our experiments in Section 6.2 which are carried
out without such restriction on the optimization domain.

6 Experiments

Our experiments are on finding the maxima of test functions commonly used in (non-convex)
optimization literature [Jamil and Yang, 2013], given only preference feedback. These functions
cover challenging optimization landscapes including several local optima, plateaus, and valleys,
allowing us to test the versatility of MAXMINLCB. We use the Ackley function for illustration
in the main text and provide the regret plots for the remainder of the functions in Appendix E. For
all experiments, we set the horizon T = 2000 and evaluate all algorithms on a uniform mesh over
the input domain of size 100. All experiments are run across 20 random seeds and reported values
are averaged over the seeds, together with standard error. The environments and algorithms are
implemented1 end-to-end in JAX [Bradbury et al., 2018].

6.1 Benchmarking Confidence Sets

Performance of MAXMINLCB relies on validity and tightness of the LCB. We evaluate the quality
of our kernelized confidence bounds, using the potentially simpler task of bandit optimization given
logistic feedback. To this end, we fix the acquisition function for the logistic bandit algorithms to
the Upper Confidence Bound (UCB) function, and benchmark different methods for calculating the
confidence bound. We refer to the algorithm instantiated with the confidence sets of Theorem 2 as
LGP-UCB (c.f. Algorithm 2). The IND-UCB approach assumes that actions are uncorrelated, and
maintains an independent confidence interval for each action as in Lattimore and Szepesvári [2020,
Algorithm 3]. This demonstrates how LGP-UCB utilizes the correlation between actions. We also
implement LOG-UCB1 [Faury et al., 2020] that assumes that f is a linear function, i.e., f(x) = ✓

Tx
to highlight the improvements gained by kernelization. Last, we compare LGP-UCB with GP-UCB
[Srinivas et al., 2010] that estimates probabilities s(f(·)) via a kernelized ridge regression task. This
comparison highlights the benefits of using our kernelized logistic estimator (Proposition 1) over
regression-based approaches [Xu et al., 2020, Kirschner and Krause, 2021, Mehta et al., 2023b,a].
Figure 1a shows that the cumulative regret of LGP-UCB is the lowest among the baselines. GP-UCB
performs closest to LGP-UCB, however, it accumulates regret linearly during the initial steps. Note
that GP-UCB and LGP-UCB differ in the estimation of the utility function ft while estimating
the width of the confidence bounds similarly. This result suggests that using the logistic-type loss
(3) to infer the utility function is advantageous. As expected, IND-UCB converges at a slower rate
than LGP-UCB and GP-UCB due to ignoring the correlation between arms while LOG-UCB1’s

1The code is made available at github.com/lasgroup/MaxMinLCB.
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MaxMinLCB [ours]
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Figure 1: Regret of learning the Ackley function with logistic and preference feedback. (a) Same
UCB algorithms, each using a different confidence set. LGP-UCB performs best, showcasing the
power of Theorem 2. (b): Algorithms with different acquisition functions, all using our confidence
sets. MAXMINLCB is more sample-efficient.

Restricting the optimization domain to Mt ⇢ X is common in the literature [Zoghi et al., 2014a, Saha,
2021] despite being challenging in applications with large or continuous domains. We conjecture that
MAXMINLCB would enjoy similar regret guarantees without restricting the selection domain to Mt

as done in Equation (7). This claim is supported by our experiments in Section 6.2 which are carried
out without such restriction on the optimization domain.

6 Experiments

Our experiments are on finding the maxima of test functions commonly used in (non-convex)
optimization literature [Jamil and Yang, 2013], given only preference feedback. These functions
cover challenging optimization landscapes including several local optima, plateaus, and valleys,
allowing us to test the versatility of MAXMINLCB. We use the Ackley function for illustration
in the main text and provide the regret plots for the remainder of the functions in Appendix E. For
all experiments, we set the horizon T = 2000 and evaluate all algorithms on a uniform mesh over
the input domain of size 100. All experiments are run across 20 random seeds and reported values
are averaged over the seeds, together with standard error. The environments and algorithms are
implemented1 end-to-end in JAX [Bradbury et al., 2018].

6.1 Benchmarking Confidence Sets

Performance of MAXMINLCB relies on validity and tightness of the LCB. We evaluate the quality
of our kernelized confidence bounds, using the potentially simpler task of bandit optimization given
logistic feedback. To this end, we fix the acquisition function for the logistic bandit algorithms to
the Upper Confidence Bound (UCB) function, and benchmark different methods for calculating the
confidence bound. We refer to the algorithm instantiated with the confidence sets of Theorem 2 as
LGP-UCB (c.f. Algorithm 2). The IND-UCB approach assumes that actions are uncorrelated, and
maintains an independent confidence interval for each action as in Lattimore and Szepesvári [2020,
Algorithm 3]. This demonstrates how LGP-UCB utilizes the correlation between actions. We also
implement LOG-UCB1 [Faury et al., 2020] that assumes that f is a linear function, i.e., f(x) = ✓

Tx
to highlight the improvements gained by kernelization. Last, we compare LGP-UCB with GP-UCB
[Srinivas et al., 2010] that estimates probabilities s(f(·)) via a kernelized ridge regression task. This
comparison highlights the benefits of using our kernelized logistic estimator (Proposition 1) over
regression-based approaches [Xu et al., 2020, Kirschner and Krause, 2021, Mehta et al., 2023b,a].
Figure 1a shows that the cumulative regret of LGP-UCB is the lowest among the baselines. GP-UCB
performs closest to LGP-UCB, however, it accumulates regret linearly during the initial steps. Note
that GP-UCB and LGP-UCB differ in the estimation of the utility function ft while estimating
the width of the confidence bounds similarly. This result suggests that using the logistic-type loss
(3) to infer the utility function is advantageous. As expected, IND-UCB converges at a slower rate
than LGP-UCB and GP-UCB due to ignoring the correlation between arms while LOG-UCB1’s

1The code is made available at github.com/lasgroup/MaxMinLCB.
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Figure 1: Regret of learning the Ackley function with logistic and preference feedback. (a) Same
UCB algorithms, each using a different confidence set. LGP-UCB performs best, showcasing the
power of Theorem 2. (b): Algorithms with different acquisition functions, all using our confidence
sets. MAXMINLCB is more sample-efficient.

Restricting the optimization domain to Mt ⇢ X is common in the literature [Zoghi et al., 2014a, Saha,
2021] despite being challenging in applications with large or continuous domains. We conjecture that
MAXMINLCB would enjoy similar regret guarantees without restricting the selection domain to Mt

as done in Equation (7). This claim is supported by our experiments in Section 6.2 which are carried
out without such restriction on the optimization domain.

6 Experiments

Our experiments are on finding the maxima of test functions commonly used in (non-convex)
optimization literature [Jamil and Yang, 2013], given only preference feedback. These functions
cover challenging optimization landscapes including several local optima, plateaus, and valleys,
allowing us to test the versatility of MAXMINLCB. We use the Ackley function for illustration
in the main text and provide the regret plots for the remainder of the functions in Appendix E. For
all experiments, we set the horizon T = 2000 and evaluate all algorithms on a uniform mesh over
the input domain of size 100. All experiments are run across 20 random seeds and reported values
are averaged over the seeds, together with standard error. The environments and algorithms are
implemented1 end-to-end in JAX [Bradbury et al., 2018].

6.1 Benchmarking Confidence Sets

Performance of MAXMINLCB relies on validity and tightness of the LCB. We evaluate the quality
of our kernelized confidence bounds, using the potentially simpler task of bandit optimization given
logistic feedback. To this end, we fix the acquisition function for the logistic bandit algorithms to
the Upper Confidence Bound (UCB) function, and benchmark different methods for calculating the
confidence bound. We refer to the algorithm instantiated with the confidence sets of Theorem 2 as
LGP-UCB (c.f. Algorithm 2). The IND-UCB approach assumes that actions are uncorrelated, and
maintains an independent confidence interval for each action as in Lattimore and Szepesvári [2020,
Algorithm 3]. This demonstrates how LGP-UCB utilizes the correlation between actions. We also
implement LOG-UCB1 [Faury et al., 2020] that assumes that f is a linear function, i.e., f(x) = ✓

Tx
to highlight the improvements gained by kernelization. Last, we compare LGP-UCB with GP-UCB
[Srinivas et al., 2010] that estimates probabilities s(f(·)) via a kernelized ridge regression task. This
comparison highlights the benefits of using our kernelized logistic estimator (Proposition 1) over
regression-based approaches [Xu et al., 2020, Kirschner and Krause, 2021, Mehta et al., 2023b,a].
Figure 1a shows that the cumulative regret of LGP-UCB is the lowest among the baselines. GP-UCB
performs closest to LGP-UCB, however, it accumulates regret linearly during the initial steps. Note
that GP-UCB and LGP-UCB differ in the estimation of the utility function ft while estimating
the width of the confidence bounds similarly. This result suggests that using the logistic-type loss
(3) to infer the utility function is advantageous. As expected, IND-UCB converges at a slower rate
than LGP-UCB and GP-UCB due to ignoring the correlation between arms while LOG-UCB1’s

1The code is made available at github.com/lasgroup/MaxMinLCB.
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Figure 1: Regret of learning the Ackley function with logistic and preference feedback. (a) Same
UCB algorithms, each using a different confidence set. LGP-UCB performs best, showcasing the
power of Theorem 2. (b): Algorithms with different acquisition functions, all using our confidence
sets. MAXMINLCB is more sample-efficient.

Theorem 6. Suppose the utility function f lies in Hk with a norm bounded by B, and that kernel k
satisfies the assumption of Proposition 4. Let � 2 (0, 1] and choose the exploration coefficient �D

t (�)
as in Corollary 5. Then MAXMINLCB satisfies the anytime dueling regret of

P
✓

8T � 0 : RD(T )  C3�
D
T (�)

q
T�

D
T = O(�D

T

p
T )

◆
� 1 � �

where �
D
T is the T -step information gain of kernel kD and C3 = (8 + 2)/

p
log(1 + 4(�)�1).

The proof is left to Appendix C.2. The information gain �
D
T in Theorem 6 quantifies the structural

complexity of the RKHS corresponding to k
D and its dependence on T is fairly understood for

kernels commonly used in applications of bandit optimization. As an example, for a Matérn kernel of
smoothness ⌫ defined over a d-dimensional domain, �T = Õ(T d/(2⌫+d)) [Remark 2, Vakili et al.,
2021] and the corresponding regret bound grows sublinearly with T .
Restricting the optimization domain to Mt ⇢ X is common in the literature [Zoghi et al., 2014a, Saha,
2021] despite being challenging in applications with large or continuous domains. We conjecture that
MAXMINLCB would enjoy similar regret guarantees without restricting the selection domain to Mt

as done in Equation (7). This claim is supported by our experiments in Section 6.2 which are carried
out without such restriction on the optimization domain.

6 Experiments

Our experiments are on finding the maxima of test functions commonly used in (non-convex)
optimization literature [Jamil and Yang, 2013], given only preference feedback. These functions cover
challenging optimization landscapes including several local optima, plateaus, and valleys, allowing
us to test the versatility of MAXMINLCB. We use the Ackley function for illustration in the main text
and provide the regret plots for the remainder of the functions in Appendix E. For all experiments, we
set the horizon T = 2000 and evaluate all algorithms on a uniform mesh over the input domain of size
100. Additionally, we conducted experiments on the Yelp restaurant review dataset to demonstrate the
applicability of MAXMINLCB on real-world data and its scaling to larger domains. All experiments
are run across 20 random seeds and reported values are averaged over the seeds, together with standard
error. The environments and algorithms are implemented2 end-to-end in JAX [Bradbury et al., 2018].

6.1 Benchmarking Confidence Sets

Performance of MAXMINLCB relies on validity and tightness of the LCB. We evaluate the quality
of our kernelized confidence bounds, using the potentially simpler task of bandit optimization given
logistic feedback. To this end, we fix the acquisition function for the logistic bandit algorithms to
the Upper Confidence Bound (UCB) function, and benchmark different methods for calculating the
confidence bound. We refer to the algorithm instantiated with the confidence sets of Theorem 2 as
LGP-UCB (c.f. Algorithm 2). The IND-UCB approach assumes that actions are uncorrelated, and

2The code is made available at github.com/lasgroup/MaxMinLCB.
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Figure 2: Regret of learning restaurant recommendations using the Yelp open dataset with pref-
erence feedback. Algorithms with different acquisition functions, all using our confidence sets.
MAXMINLCB is more sample-efficient.

gradients showing that MAXMINLCB is preferable for challenging optimization problems. Other
acquisition functions work well only in certain cases, e.g., IDS achieves the smallest regret for opti-
mizing Matyas, while RUCB excels on the Branin function. This indicates the challenges each utility
function offers and the performance of the action selection is task dependent. The consistent perfor-
mance of MAXMINLCB demonstrates its robustness against the underlying unknown utility function.

6.3 Real-world Experiment

To further demonstrate the scalability and applicability of MAXMINLCB, we conduct an experiment
on the Yelp open dataset of restaurant reviews that we use to design a complex real-world problem.
The goal of this experiment is to identify restaurants for each user that fit their respective preferences
the best via sequential recommendations. The final dataset after cleaning consists of 275 restaurants
and 20 users. We define the action space X by assigning to each restaurant their respective 32-
dimensional embedding of their reviews, i.e., X ✓ R32. The dataset provides utility values for
users in the form of ratings on the scale of 1 to 5, however, not all users rated every restaurant. We
estimate missing ratings using collaborative filtering [Schafer et al., 2007]. Further details on the data
processing are deferred to Appendix D.1.
Figure 2 shows that the results of this larger problem align with previous conclusions. MAXMINLCB
remains the best-performing algorithm with MULTISBM following second. The cumulative regret is
also reported in Table 1. Note that neither of the algorithms is tuned or modified for this experiment.
These results are only intended to demonstrate that 1) the computations easily scale, and 2) the ker-
nelized approach is still applicable in a text-based domain, by using high-quality vector embeddings.

7 Conclusion

We addressed the problem of bandit optimization with preference feedback over large domains and
complex targets. We proposed MAXMINLCB, which takes a game-theoretic approach to the problem
of action selection under comparative feedback, and naturally balances exploration and exploitation by
constructing a zero-sum Stackelberg game between the action pairs. MAXMINLCB achieves a sublin-
ear regret for kernelized utilities, and performs competitively across a range of experiments. Lastly, by
uncovering the equivalence of learning with logistic or comparative feedback, we propose kernelized
preference-based confidence sets, which may be employed in adjacent problems, such as reinforce-
ment learning with human feedback. The technical setup considered in this work serves as a foun-
dation for a number of applications in mechanism design, such as preference elicitation and welfare
optimization from multiple feedback sources for social choice theory, which we leave as future work.
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Reward Estimation

Dueling Bandits

• Kernelized reward function:
• Goal: Sublinear regret
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Preference-based inference is equivalent to learning 
with direct feedback, up to choice of kernel. 

• estimates the utility gap

• quantifies the estimation uncertainty
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Choose actions xt, x0
t

<latexit sha1_base64="hgwirCQiFVgD4rskzHkKrqGOv00="></latexit>

Receive binary feedback yt
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P(yt = 1) = s (f(xt)� f(x0
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Repeat

At every step t

Challenges
• Continuous action space
• Expensive to query, qualitative preference feedback
• Complexity of exploration & exploitation

Contributions
• Stackelberg Game formulation
• Practical confidence bounds for kernelized utilities
• SOTA performance with no-regret guarantee

I want to have a healthy and balanced 
dinner. What should I cook?
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Duelling Regret after 2000 steps
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