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Context: Solving optimal transport (OT) with the Sinkhorn 
algorithm is the default approach when trying to match datasets, 
It’s used in e.g. mini-batch flow matching and many scientific 
applications. It is also a cheap and promising OT map estimator. 
Problem: Sinkhorn is costly,  when matching  to  points, 
and has an important regularization parameter , that can be 
hard to tune, notably when using a Sinkhorn OT map estimator. 
Goal: Propose a “divide and conquer” approach to regularized 
OT that can reduce compute costs and alleviate this selection. 
Contribution: ProgOT, a progressive formulation of regularized 
OT that can be used with any translation invariant cost.

O(n2) n n
ε

Sinkhorn solves a regularized OT problem finding a regularized 
matching between two families of points

Sinkhorn also provides an out-of-sample estimator for OT 
maps, which can work for any cost function  c(x, y) = h(x − y) ProgOT, a new family of regularized OT solvers 

Leverages multiple opportunities (regularization, thresholds) 
to schedule OT computations along the natural geodesic 
occurring between two source/target distributions. 

Adds a dynamic flavor into static reg-OT, supported by 
experiments, and can scale to 1e5~1e6 points using sharding. 

Implemented in OTT-JAX, 
see tutorial using QR code. 

<latexit sha1_base64="tD5XkkQKOsukmx6qUdTTXgnnLS0="></latexit>

min
P coupling

hP, [c(xi, yj ]ij)i � "H(P )

<latexit sha1_base64="0KE3G+4b/sTZXsFC/UPhG1JGqW8=">AAACPHicbVDLTgIxFO3gC/EFumQzkZi4IjPGoEuiG5eYyCOBCel0LtDQaSftHRIy4TPc6p/4H+7dGbeuLY+FoDdpenLOvbenJ0wEN+h5705ua3tndy+/Xzg4PDo+KZZOW0almkGTKaF0J6QGBJfQRI4COokGGocC2uH4fq63J6ANV/IJpwkEMR1KPuCMoqW6vQnVkBgulOwXK17VW5T7F/grUCGravRLTrkXKZbGIJEJakzX9xIMMqqRMwGzQi81kFA2pkPoWihpDCbIFp5n7oVlInegtD0S3QX7eyKjsTHTOLSdMcWR2dTm5H9aN8XBbZBxmaQIki0fGqTCReXOA3AjroGhmFpAmebWq8tGVFOGNqa1TYvdTAcZpPbiCa59KYvM3Pk6ZzCmeqqjWcHG6W+G9xe0rqp+rVp7vK7U71bB5kmZnJNL4pMbUicPpEGahBFFnskLeXXenA/n0/latuac1cwZWSvn+wdYQq/R</latexit>" <latexit sha1_base64="0KE3G+4b/sTZXsFC/UPhG1JGqW8=">AAACPHicbVDLTgIxFO3gC/EFumQzkZi4IjPGoEuiG5eYyCOBCel0LtDQaSftHRIy4TPc6p/4H+7dGbeuLY+FoDdpenLOvbenJ0wEN+h5705ua3tndy+/Xzg4PDo+KZZOW0almkGTKaF0J6QGBJfQRI4COokGGocC2uH4fq63J6ANV/IJpwkEMR1KPuCMoqW6vQnVkBgulOwXK17VW5T7F/grUCGravRLTrkXKZbGIJEJakzX9xIMMqqRMwGzQi81kFA2pkPoWihpDCbIFp5n7oVlInegtD0S3QX7eyKjsTHTOLSdMcWR2dTm5H9aN8XBbZBxmaQIki0fGqTCReXOA3AjroGhmFpAmebWq8tGVFOGNqa1TYvdTAcZpPbiCa59KYvM3Pk6ZzCmeqqjWcHG6W+G9xe0rqp+rVp7vK7U71bB5kmZnJNL4pMbUicPpEGahBFFnskLeXXenA/n0/latuac1cwZWSvn+wdYQq/R</latexit>"

<latexit sha1_base64="0KE3G+4b/sTZXsFC/UPhG1JGqW8=">AAACPHicbVDLTgIxFO3gC/EFumQzkZi4IjPGoEuiG5eYyCOBCel0LtDQaSftHRIy4TPc6p/4H+7dGbeuLY+FoDdpenLOvbenJ0wEN+h5705ua3tndy+/Xzg4PDo+KZZOW0almkGTKaF0J6QGBJfQRI4COokGGocC2uH4fq63J6ANV/IJpwkEMR1KPuCMoqW6vQnVkBgulOwXK17VW5T7F/grUCGravRLTrkXKZbGIJEJakzX9xIMMqqRMwGzQi81kFA2pkPoWihpDCbIFp5n7oVlInegtD0S3QX7eyKjsTHTOLSdMcWR2dTm5H9aN8XBbZBxmaQIki0fGqTCReXOA3AjroGhmFpAmebWq8tGVFOGNqa1TYvdTAcZpPbiCa59KYvM3Pk6ZzCmeqqjWcHG6W+G9xe0rqp+rVp7vK7U71bB5kmZnJNL4pMbUicPpEGahBFFnskLeXXenA/n0/latuac1cwZWSvn+wdYQq/R</latexit>" <latexit sha1_base64="0KE3G+4b/sTZXsFC/UPhG1JGqW8=">AAACPHicbVDLTgIxFO3gC/EFumQzkZi4IjPGoEuiG5eYyCOBCel0LtDQaSftHRIy4TPc6p/4H+7dGbeuLY+FoDdpenLOvbenJ0wEN+h5705ua3tndy+/Xzg4PDo+KZZOW0almkGTKaF0J6QGBJfQRI4COokGGocC2uH4fq63J6ANV/IJpwkEMR1KPuCMoqW6vQnVkBgulOwXK17VW5T7F/grUCGravRLTrkXKZbGIJEJakzX9xIMMqqRMwGzQi81kFA2pkPoWihpDCbIFp5n7oVlInegtD0S3QX7eyKjsTHTOLSdMcWR2dTm5H9aN8XBbZBxmaQIki0fGqTCReXOA3AjroGhmFpAmebWq8tGVFOGNqa1TYvdTAcZpPbiCa59KYvM3Pk6ZzCmeqqjWcHG6W+G9xe0rqp+rVp7vK7U71bB5kmZnJNL4pMbUicPpEGahBFFnskLeXXenA/n0/latuac1cwZWSvn+wdYQq/R</latexit>"

<latexit sha1_base64="0KE3G+4b/sTZXsFC/UPhG1JGqW8=">AAACPHicbVDLTgIxFO3gC/EFumQzkZi4IjPGoEuiG5eYyCOBCel0LtDQaSftHRIy4TPc6p/4H+7dGbeuLY+FoDdpenLOvbenJ0wEN+h5705ua3tndy+/Xzg4PDo+KZZOW0almkGTKaF0J6QGBJfQRI4COokGGocC2uH4fq63J6ANV/IJpwkEMR1KPuCMoqW6vQnVkBgulOwXK17VW5T7F/grUCGravRLTrkXKZbGIJEJakzX9xIMMqqRMwGzQi81kFA2pkPoWihpDCbIFp5n7oVlInegtD0S3QX7eyKjsTHTOLSdMcWR2dTm5H9aN8XBbZBxmaQIki0fGqTCReXOA3AjroGhmFpAmebWq8tGVFOGNqa1TYvdTAcZpPbiCa59KYvM3Pk6ZzCmeqqjWcHG6W+G9xe0rqp+rVp7vK7U71bB5kmZnJNL4pMbUicPpEGahBFFnskLeXXenA/n0/latuac1cwZWSvn+wdYQq/R</latexit>" <latexit sha1_base64="0KE3G+4b/sTZXsFC/UPhG1JGqW8=">AAACPHicbVDLTgIxFO3gC/EFumQzkZi4IjPGoEuiG5eYyCOBCel0LtDQaSftHRIy4TPc6p/4H+7dGbeuLY+FoDdpenLOvbenJ0wEN+h5705ua3tndy+/Xzg4PDo+KZZOW0almkGTKaF0J6QGBJfQRI4COokGGocC2uH4fq63J6ANV/IJpwkEMR1KPuCMoqW6vQnVkBgulOwXK17VW5T7F/grUCGravRLTrkXKZbGIJEJakzX9xIMMqqRMwGzQi81kFA2pkPoWihpDCbIFp5n7oVlInegtD0S3QX7eyKjsTHTOLSdMcWR2dTm5H9aN8XBbZBxmaQIki0fGqTCReXOA3AjroGhmFpAmebWq8tGVFOGNqa1TYvdTAcZpPbiCa59KYvM3Pk6ZzCmeqqjWcHG6W+G9xe0rqp+rVp7vK7U71bB5kmZnJNL4pMbUicPpEGahBFFnskLeXXenA/n0/latuac1cwZWSvn+wdYQq/R</latexit>"<latexit sha1_base64="0KE3G+4b/sTZXsFC/UPhG1JGqW8=">AAACPHicbVDLTgIxFO3gC/EFumQzkZi4IjPGoEuiG5eYyCOBCel0LtDQaSftHRIy4TPc6p/4H+7dGbeuLY+FoDdpenLOvbenJ0wEN+h5705ua3tndy+/Xzg4PDo+KZZOW0almkGTKaF0J6QGBJfQRI4COokGGocC2uH4fq63J6ANV/IJpwkEMR1KPuCMoqW6vQnVkBgulOwXK17VW5T7F/grUCGravRLTrkXKZbGIJEJakzX9xIMMqqRMwGzQi81kFA2pkPoWihpDCbIFp5n7oVlInegtD0S3QX7eyKjsTHTOLSdMcWR2dTm5H9aN8XBbZBxmaQIki0fGqTCReXOA3AjroGhmFpAmebWq8tGVFOGNqa1TYvdTAcZpPbiCa59KYvM3Pk6ZzCmeqqjWcHG6W+G9xe0rqp+rVp7vK7U71bB5kmZnJNL4pMbUicPpEGahBFFnskLeXXenA/n0/latuac1cwZWSvn+wdYQq/R</latexit>"

Proposal: We propose to benefit from the fact that large 
regularization OT can be computed quickly, but only use it to 
create an interpolation between the source/target measures, 
used to compute another plan with a typically smaller 
regularization value. 
Recursion and time schedule: We apply this transformation 
repeatedly, taking special care in tuning the number of 
steps, and the intermediate values for epsilon regularization.

How do you solve it?
In full generality, OT does not have a solution or is very tough to solve. 

Entropic OT adds a regularization term to make things better:
<latexit sha1_base64="Ts71WT5wYS5mwMpHGiYmwJ7t5hA="></latexit>

inf
⇡2�(⌫,µ)

Z
kx� yk22 d⇡(x, y) + "DKL (⇡||µ⌦ ⌫)

<latexit sha1_base64="o2tIF4WgsPkgevUqyDO7/fayYM8="></latexit>

Given µ̂, ⌫̂: Sinkhorn’s algorithm can solve this and return T̂" and ⇡̂"
<latexit sha1_base64="dgRSATN1xS9PofnATHt5taxxwEU="></latexit>

Small ": the algorithm may not converge
<latexit sha1_base64="AHo3p2L/F1qB8fex/2aqiS6Wje0="></latexit>

Large ": EOT Debiased EOT ProgOT

xtrain xtest ytrain Transported(xtest) xinterpolate

<latexit sha1_base64="pLW5BeMJk01gZjmg6RdKIPsfpEs="></latexit>

T̂"

EOT Debiased EOT ProgOT

xtrain xtest ytrain T̂"(xtest) xinterpolate

<latexit sha1_base64="2lBDXdkpNrHQaRD9f8M1n23Pauw="></latexit>

⇡̂"
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Our solution: ProgOT

EOT Debiased EOT ProgOT

xtrain xtest ytrain Transported(xtest) xinterpolate• Elevates issue of regularization parameter
• Convergences to the ground truth (statistical guarantee)
• Competitive performance, scalable, and computationally light

EOT Debiased EOT ProgOT

xtrain xtest ytrain TProg(xtest) xinterpolate
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Blend the static OT problem with the dynamic perspective.

Solve a series of EOT problems, with reduced sensitivity to <latexit sha1_base64="2fsuAdeJ160xrMAdphAVp8/JyYg="></latexit>"

Sinkhorn ProgOT

<latexit sha1_base64="1vdGaM4hA83VqErbiGsg59PAbYw="></latexit>µ

Linearly Interpolate

<latexit sha1_base64="egIYk1PoKMwxCr1RLzvM+4uqHy4="></latexit>

Solve Entropic OT with large "0

<latexit sha1_base64="1w7PL4QSRJMsIc1htCEo73J4zgE="></latexit>

Reduce "1 and repeat
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<latexit sha1_base64="V4z+CZaOAjHSWjDdI5+a9aqA3YI="></latexit>⌫

<latexit sha1_base64="sPPK68zUICAaoW8oMNFZ1WjMNlk="></latexit>

We can repeat this K times to get T (K)
Prog

<latexit sha1_base64="PPITGNAHnQGJuikdNMXMvfBZm+4="></latexit>

µ(1)
" =

h
(1� ↵0)Id + ↵0E

(0)
i

#
µ

<latexit sha1_base64="JR0vbGKsTLfO+/cxpPJjbrPAZgY="></latexit>

E(0)

<latexit sha1_base64="9aAIjWT3y/hKzIiminuVwavJVls="></latexit>

E(1)

<latexit sha1_base64="Gml4dLv8N11X1+oruPkxzqr110k=">AAACLHicbZDPSsNAEMY3/q3xvx69LBbBU0lE1KPoxWMFawtNKZPNpF3c3YTdjVJCX8KrPoNP40XEq8/htlbQ1g8GfnwzwwxfnAtubBC8eXPzC4tLy5UVf3VtfWNza3vn1mSFZthgmch0KwaDgitsWG4FtnKNIGOBzfjuctRv3qM2PFM3dpBjR0JP8ZQzsM5qRSDyPnSD7lY1qAVj0VkIJ1AlE9W7295GlGSskKgsE2BMOwxy2ylBW84EDv2oMJgDu4Meth0qkGg65fjhIT1wTkLTTLtSlo7d3xslSGMGMnaTEmzfTPdG5r+9WE5dtulZp+QqLywq9n04LQS1GR2lQROukVkxcABMc/c7ZX3QwKzLzPdppFHhA8ukBJWUUQqSi0GCKRTCDsvIpD/suwTD6bxm4faoFp7UTq6Pq+cXkywrZI/sk0MSklNyTq5InTQII4I8kify7L14r9679/E9OudNdnbJH3mfX/kWp9g=</latexit>↵0
<latexit sha1_base64="GCULt6U8KEXDncVg12FgEsOe5Qw=">AAACJXicbZBNS8NAEIY3fhu/qh69LBbBU0lEqseiF48KthWaUiabiS7ubsLuRimhv8Cr/gZ/jTcRPPlX3H4I2vrCwMM7M8zwxrngxgbBpzc3v7C4tLyy6q+tb2xuVbZ3WiYrNMMmy0Smb2IwKLjCpuVW4E2uEWQssB3fnw/77QfUhmfq2vZz7Eq4VTzlDKyzroJepRrUgpHoLIQTqJKJLnvb3maUZKyQqCwTYEwnDHLbLUFbzgQO/KgwmAO7h1vsOFQg0XTL0acDeuCchKaZdqUsHbm/N0qQxvRl7CYl2Dsz3Rua//ZiOXXZpqfdkqu8sKjY+HBaCGozOoyBJlwjs6LvAJjm7nfK7kADsy4s36eRRoWPLJMSVFJGKUgu+gmmUAg7KCOT/rDvEgyn85qF1lEtrNfqV8fVxtkkyxWyR/bJIQnJCWmQC3JJmoQRJE/kmbx4r96b9+59jEfnvMnOLvkj7+sbFTqk0Q==</latexit>

0
<latexit sha1_base64="oBLN5gZFAJte2dwAhqtt5WYQTlU=">AAACJXicbZBNS8NAEIY3fhu/qh69LBbBU0lEqseiF48KthWaUiabiS7ubsLuRimhv8Cr/gZ/jTcRPPlX3H4I2vrCwMM7M8zwxrngxgbBpzc3v7C4tLyy6q+tb2xuVbZ3WiYrNMMmy0Smb2IwKLjCpuVW4E2uEWQssB3fnw/77QfUhmfq2vZz7Eq4VTzlDKyzrsJepRrUgpHoLIQTqJKJLnvb3maUZKyQqCwTYEwnDHLbLUFbzgQO/KgwmAO7h1vsOFQg0XTL0acDeuCchKaZdqUsHbm/N0qQxvRl7CYl2Dsz3Rua//ZiOXXZpqfdkqu8sKjY+HBaCGozOoyBJlwjs6LvAJjm7nfK7kADsy4s36eRRoWPLJMSVFJGKUgu+gmmUAg7KCOT/rDvEgyn85qF1lEtrNfqV8fVxtkkyxWyR/bJIQnJCWmQC3JJmoQRJE/kmbx4r96b9+59jEfnvMnOLvkj7+sbFvuk0g==</latexit>

1

<latexit sha1_base64="VcroqF+TBld5RT4DGTssbSP9tG8="></latexit>

µ(1)
"

<latexit sha1_base64="s0esbasXobdYIWgDPXzhFh8yLfU="></latexit>

S(0)

<latexit sha1_base64="u4a5E1rGbqAGmrc3Wo+cbsXnsD4="></latexit>

T (1)
Prog = E(1) � S(0)

<latexit sha1_base64="1vdGaM4hA83VqErbiGsg59PAbYw="></latexit>µ

Linearly Interpolate

<latexit sha1_base64="egIYk1PoKMwxCr1RLzvM+4uqHy4="></latexit>

Solve Entropic OT with large "0

<latexit sha1_base64="1w7PL4QSRJMsIc1htCEo73J4zgE="></latexit>

Reduce "1 and repeat
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<latexit sha1_base64="V4z+CZaOAjHSWjDdI5+a9aqA3YI="></latexit>⌫

<latexit sha1_base64="sPPK68zUICAaoW8oMNFZ1WjMNlk="></latexit>

We can repeat this K times to get T (K)
Prog

<latexit sha1_base64="PPITGNAHnQGJuikdNMXMvfBZm+4="></latexit>

µ(1)
" =

h
(1� ↵0)Id + ↵0E

(0)
i

#
µ

<latexit sha1_base64="JR0vbGKsTLfO+/cxpPJjbrPAZgY="></latexit>

E(0)

<latexit sha1_base64="9aAIjWT3y/hKzIiminuVwavJVls="></latexit>

E(1)

<latexit sha1_base64="Gml4dLv8N11X1+oruPkxzqr110k=">AAACLHicbZDPSsNAEMY3/q3xvx69LBbBU0lE1KPoxWMFawtNKZPNpF3c3YTdjVJCX8KrPoNP40XEq8/htlbQ1g8GfnwzwwxfnAtubBC8eXPzC4tLy5UVf3VtfWNza3vn1mSFZthgmch0KwaDgitsWG4FtnKNIGOBzfjuctRv3qM2PFM3dpBjR0JP8ZQzsM5qRSDyPnSD7lY1qAVj0VkIJ1AlE9W7295GlGSskKgsE2BMOwxy2ylBW84EDv2oMJgDu4Meth0qkGg65fjhIT1wTkLTTLtSlo7d3xslSGMGMnaTEmzfTPdG5r+9WE5dtulZp+QqLywq9n04LQS1GR2lQROukVkxcABMc/c7ZX3QwKzLzPdppFHhA8ukBJWUUQqSi0GCKRTCDsvIpD/suwTD6bxm4faoFp7UTq6Pq+cXkywrZI/sk0MSklNyTq5InTQII4I8kify7L14r9679/E9OudNdnbJH3mfX/kWp9g=</latexit>↵0
<latexit sha1_base64="GCULt6U8KEXDncVg12FgEsOe5Qw=">AAACJXicbZBNS8NAEIY3fhu/qh69LBbBU0lEqseiF48KthWaUiabiS7ubsLuRimhv8Cr/gZ/jTcRPPlX3H4I2vrCwMM7M8zwxrngxgbBpzc3v7C4tLyy6q+tb2xuVbZ3WiYrNMMmy0Smb2IwKLjCpuVW4E2uEWQssB3fnw/77QfUhmfq2vZz7Eq4VTzlDKyzroJepRrUgpHoLIQTqJKJLnvb3maUZKyQqCwTYEwnDHLbLUFbzgQO/KgwmAO7h1vsOFQg0XTL0acDeuCchKaZdqUsHbm/N0qQxvRl7CYl2Dsz3Rua//ZiOXXZpqfdkqu8sKjY+HBaCGozOoyBJlwjs6LvAJjm7nfK7kADsy4s36eRRoWPLJMSVFJGKUgu+gmmUAg7KCOT/rDvEgyn85qF1lEtrNfqV8fVxtkkyxWyR/bJIQnJCWmQC3JJmoQRJE/kmbx4r96b9+59jEfnvMnOLvkj7+sbFTqk0Q==</latexit>

0
<latexit sha1_base64="oBLN5gZFAJte2dwAhqtt5WYQTlU=">AAACJXicbZBNS8NAEIY3fhu/qh69LBbBU0lEqseiF48KthWaUiabiS7ubsLuRimhv8Cr/gZ/jTcRPPlX3H4I2vrCwMM7M8zwxrngxgbBpzc3v7C4tLyy6q+tb2xuVbZ3WiYrNMMmy0Smb2IwKLjCpuVW4E2uEWQssB3fnw/77QfUhmfq2vZz7Eq4VTzlDKyzrsJepRrUgpHoLIQTqJKJLnvb3maUZKyQqCwTYEwnDHLbLUFbzgQO/KgwmAO7h1vsOFQg0XTL0acDeuCchKaZdqUsHbm/N0qQxvRl7CYl2Dsz3Rua//ZiOXXZpqfdkqu8sKjY+HBaCGozOoyBJlwjs6LvAJjm7nfK7kADsy4s36eRRoWPLJMSVFJGKUgu+gmmUAg7KCOT/rDvEgyn85qF1lEtrNfqV8fVxtkkyxWyR/bJIQnJCWmQC3JJmoQRJE/kmbx4r96b9+59jEfnvMnOLvkj7+sbFvuk0g==</latexit>

1

<latexit sha1_base64="VcroqF+TBld5RT4DGTssbSP9tG8="></latexit>

µ(1)
"

<latexit sha1_base64="s0esbasXobdYIWgDPXzhFh8yLfU="></latexit>

S(0)

<latexit sha1_base64="u4a5E1rGbqAGmrc3Wo+cbsXnsD4="></latexit>

T (1)
Prog = E(1) � S(0)

<latexit sha1_base64="1vdGaM4hA83VqErbiGsg59PAbYw="></latexit>µ

Linearly Interpolate

<latexit sha1_base64="egIYk1PoKMwxCr1RLzvM+4uqHy4="></latexit>

Solve Entropic OT with large "0

<latexit sha1_base64="1w7PL4QSRJMsIc1htCEo73J4zgE="></latexit>

Reduce "1 and repeat
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<latexit sha1_base64="V4z+CZaOAjHSWjDdI5+a9aqA3YI="></latexit>⌫

<latexit sha1_base64="sPPK68zUICAaoW8oMNFZ1WjMNlk="></latexit>

We can repeat this K times to get T (K)
Prog

<latexit sha1_base64="PPITGNAHnQGJuikdNMXMvfBZm+4="></latexit>

µ(1)
" =

h
(1� ↵0)Id + ↵0E

(0)
i

#
µ

<latexit sha1_base64="JR0vbGKsTLfO+/cxpPJjbrPAZgY="></latexit>

E(0)

<latexit sha1_base64="9aAIjWT3y/hKzIiminuVwavJVls="></latexit>

E(1)
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T (1)
Prog = E(1) � S(0)

ProgOT divides and conquer OT problems:  
Overall compute consists in solving smaller OT problems, 
typically with larger inner regularization constants. 
These regularization constants, stepsizes and 
convergence thresholds can be all adapted to apply 
faster/cheaper compute in early stages.

Proof sketch. In Lemma 11, we show that

E
���T

(K)
Prog � T0

���
2

L2(µ)
.

KX

k=0

�k :=

KX

k=0

EkE(k) � T (k)k2L2(µ(k)) ,

where µ(k) is a point on the true interpolation path, and T (k) is the optimal transport map emanating
from it. Here, E(k) is the entropic map estimator between the final target points and the data that
has been pushed forward by earlier entropic maps. It suffices to control the term �k. Since E(k)

and T (k) are calculated for different measures, we prove a novel stability property (Proposition 4)
to show that along the interpolation path, these intermediate maps remain close to their unregularized
population counterparts, if ↵k and "k are chosen as prescribed. This result is based off the recent
work by Divol et al. [2024] and allows us to recursively relate the estimation at the k-th iterate to the
estimation at the previous ones, down to �0. Thus, Lemma 12 tells us that, under our assumptions
and parameter choices ↵k ⇣ n�1/d and "k ⇣ n�1/2d, it holds that for all k � 0

�k .log(n) n�1/d .

Since the stability bound allows us to relate �k to �0, combined with the above, we have that

�k .log(n) �0 .log(n) n�1/d ,

where the penultimate inequality uses the existing estimation rates from Pooladian and Niles-Weed
[2021], with our parameter choice for "0.

Proposition 4 (Stability of entropic maps with variations in the source measure). Let h =
1
2k · k2.

Let µ, µ0, ⇢ be probability measures over a compact domain with radius R. Suppose T", T 0
" are,

respectively, the entropic maps from µ to ⇢ and µ0 to ⇢, both with the parameter " > 0. Then

kT" � T 0
"k

2
L2(µ)  3R2"�1W 2

2 (µ, µ0
) .

4 Computing Couplings and Map Estimators with PROGOT
Following the presentation and motivation of PROGOT in Section 3, here we outline a practical
implementation. Recall that µ̂n =

Pn
i=1 ai�xi and ⌫̂m =

Pm
j=1 bj�yj , and we summarize the

locations of these measures to the matrices X = (x1, . . . ,xn) and Y = (y1, . . . ,ym), which are of
size n ⇥ d and m⇥ d, respectively. Our PROGOT solver, concretely summarized in Algorithm 2,
takes as input two weighted point clouds, step-lengths (↵k)k, regularization parameters ("k)k, and
threshold parameters (⌧k)k, to output two objects of interest: the final coupling matrix P of size n⇥m,
as illustrated in Figure 2, and the entities needed to instantiate the TProg map estimator, where an
implementation is detailed in Algorithm 3. We highlight that Algorithm 2 incorporates a warm-starting
method when instantiating Sinkhorn solvers (Line 3). This step may be added to improve the runtime.

Algorithm 2 PROGOT(a,X,b,Y, ("k, ↵k, ⌧k)k)

1: f = 0n,g(�1)
= 0m.

2: for k = 0, . . . , K do
3: finit,ginit  (1� ↵k) f , (1� ↵k)g(k�1)

4: f ,g(k),P Sink(a,X,b,Y, "k, ⌧k, finit,ginit)
5: Q diag(1/P1m)P
6: Z [rh⇤

(
P

j Qijrh(xi � yj))]i 2 Rn⇥d

7: X X� ↵k Z
8: end for
9: return: Coupling matrix P,

10: Map estimator TProg[b,Y, (g(k), "k, ↵k)k](·)

Algorithm 3 TProg[b,Y, (g(k), "k, ↵k)k]

1: input: Source point x 2 Rd

2: initialize: y = x, ↵K reset to 1.
3: for k = 0, . . . K do
4: p [bj exp(

g(k)�h(y�yj)
"k

)]j

5: p p/1T
mp 2 Rm

6: � [rh(y � yj)]j 2 Rm⇥d

7: z rh⇤
(pT�) 2 Rd

8: y y � ↵kz.
9: end for

10: return: y

Setting step lengths. We propose three scheduling schemes for (↵k)k: decelerated, constant-speed
and accelerated. Let tk 2 [0, 1] denote the progress along the interpolation path at iterate k. At step
zero, t0 = ↵0. Then at the next step, we progress by a fraction ↵1 of the remainder, and therefore
t1 = t0 + ↵1(1�↵0). It is straightforward to show that tk = 1�

Qk
`=1(1� ↵`). We call a schedule

constant speed, if tk+1 � tk is a constant function of k, whereas an accelerated (resp. decelerated)
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Table 1: Performance of PROGOT compared to baselines, w.r.t D"D between source and target of
the sci-Plex dataset. Reported numbers are the average of 5 runs, together with the standard error.

Drug Belinostat Givinostat Hesperadin 5-drug
rankdPCA 16 64 256 16 64 256 16 64 256

PROGOT 2.9±0.1 8.8±0.1 20.8±0.2 3.3±0.2 9.0±0.3 21.9±0.3 3.7±0.4 10.1±0.4 23.1±0.4 1
EOT 2.5±0.1 9.6±0.1 22.8±0.2 3.9±0.4 10.0±0.1 24.7±0.9 4.1±0.4 10.4±0.5 26±1.3 2

Debiased EOT 3.2±0.1 14.3±0.1 39.8±0.4 3.7±0.2 14.7±0.1 42.4±0.8 4.0±0.5 15.2±0.6 41±1.1 4
Monge Gap 3.1±0.1 10.3±0.1 34.4±0.3 2.8±0.2 9.9±0.2 34.9±0.3 3.7±0.5 11.0±0.5 36±1.1 3

ICNN 5.0±0.1 14.7± 0.1 42±1 5.1±0.1 14.8±0.2 40.3±0.1 4.0±0.4 14.4±0.5 46±2.1 5
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Figure 5: Performance as a coupling solver on the 4i dataset. PROGOT returns better couplings,
in terms of the OT cost and the entropy, for a fraction of Sinkhorn iterations, while still returning
a coupling that has the same deviation to the original marginals. The (top) row is computed using
h = k.k2

2, the (bottom) row shows results for the cost h =
1
pk · kp

p where p = 1.5.

in Section 4, both approaches are guaranteed to output couplings that satisfy the same threshold for
criterion (iii), leaving us only three quantities to monitor: compute effort here quantified as total
number of Sinkhorn iterations, summed over all K steps for PROGOT), transport cost and entropy.
While compute effort and transport cost should, ideally, be as small as possible, certain applications
requiring, e.g., differentiability [Cuturi et al., 2019] or better sample complexity [Genevay et al.,
2019], may prefer higher entropies.

To monitor these three quantities, and cover an interesting space of solutions that, we run Sinkhorn’s
algorithm for a logarithmic grid of " = �"0 values (here "0 is defined in Line 2 of Algorithm 4), and
compare it to constant-speed PROGOT with K = {2, 4, 8}. Because one cannot directly compare reg-
ularizations, we explore many choices to schedule " within PROGOT. Following the default strategy
used in OTT-JAX [Cuturi et al., 2022a], we set at every iterate k, "k = ✓c̄k, where c̄k is 5% of the the
mean of the cost matrix at that iteration, as detailed in Appendix B. We do not use Algorithm 4 since
it returns a regularization schedule that is tuned for map estimation, while the goal here is to recover
couplings that are comparable to those outputted by Sinkhorn. We set the threshold for marginal
constraint satisfaction for both algorithms as ⌧K = ⌧ = 0.001 and run all algorithms to convergence,
with infinite iteration budget. For the coupling experiments, we use the single-cell multiplex data
of Bunne et al. [2023], reflecting morphological features and protein intensities of melanoma tumor
cells. The data describes d = 47 features for n ⇡ 11, 000 control cells, and m ⇡ 2, 800 treated cells,
for each of 34 drugs, of which we use only 6 at random. To align the cell populations, we consider
two ground costs: the squared-Euclidean norm k · k2 as well as h =

1
pk · kp

p, with p = 1.5.

Results for 6 drugs are displayed in Figure 5. The area of the marker reflects the total number of
Sinkhorn iterations needed for either algorithm to converge to a coupling with a threshold ⌧ = 10

�3.
The values for � and K displayed in the legend are encoded using colors. The global scaling parameter
for PROGOT is set to ✓ = 2

�4. Figure 10 and 11 visualize other choices for ✓. These results prove
that PROGOT provides a competitive alternative to Sinkhorn, to compute couplings that yield a small
entropy and cost at a low computational effort, while satisfying the same level of marginal constraints.
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Figure 6: We consider the optimal assignment problem
between all CIFAR images and their blurry CIFAR
counterparts using the `22 loss. A small subset of 3 original
images on the left can be compared with their blurred
counterpart on the right, with � = 4. The optimal coupling
for this task is the identity, which we compare with
couplings recovered by our methods at large scales.
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Table 2: Coupling recovery, quantified
as trace, and KL divergence from
identity matrix, for coupling matrices
obtained with PROGOT and Sinkhorn,
and blur strengths � = 2, 4. PROGOT
is run for K = 4 and with the constant-
speed schedule.

� 2 4

Sinkhorn Tr 0.9999 0.9954
KL 0.00008 0.02724

# iters 10 2379

PROGOT Tr 1.000 0.9989
KL 0.00000 0.00219

# iters 40 1590

5.3 Scalability of PROGOT
Real-world experiments on pre-processed single-cell data are often run with limited sample sizes
(n ' 10

3) and medium data dimensionality (d  200). As a result they are not suitable to benchmark
OT solvers at larger scale. To address this limitation, we design a challenging large-scale (large n,
large d) OT problem on real data, for which the ground-truth is known. We believe our approach can
be replicated to create benchmarks for OT solvers. We consider the entire grayscale CIFAR10 dataset
[Krizhevsky et al., 2009] for which n = 60, 000 and d = 32 ⇥ 32 = 1024. We consider the task of
matching these n images to their blurred counterparts, using Gaussian blurs of varying width. To
blur an image U 2 RN⇥N we use the isotropic Gaussian kernel K = [exp

�
�(i � j)2/(�N2

)
�
]ij

for i, j  N [c.f. Remark 4.17, Peyré et al., 2019], and define the Gaussian blur operator as
G(U) := KUK 2 RN⇥N . The crucial observation we make in Proposition 5 is that, when using the
squared Euclidean ground cost `22, the optimal matching is necessarily equal to the identity (i.e. each
image must be necessarily matched to its blurred counterpart), as pictured in (Figure 6).

Proposition 5. Let µ̂ =
1
n

P
sn �Us be the empirical distribution over n images and define ⌫̂ :=

G#µ̂ where G is the Gaussian blur operator with � < 1. Then P ? the optimal coupling between
(µ̂, ⌫̂) with the h =

1
2k·k2

2 cost is the normalized n-dimensional identity matrix Id /n.

In light of Proposition 5, we generate two blurred datasets using a Gaussian kernel with � = 2 and
� = 4 (see Figure 7). We then use PROGOT with and Sinkhorn’s Algorithm to match the blurred
dataset back to the original CIFAR10 (de-blurring). The hyper-parameter configurations are the same
as Section 5.2, with � = ✓ = 2

�4. We evaluate the performance of the OT solvers by checking
how close the trace of the recovered coupling Tr(P̂ ) is to 1.0, or with the KL divergence from the
ground-truth, that is, KL(P ?||P̂ ) = � log n � n

P
in log(P̂ii).

Table 2 compares the performance of PROGOT and Sinkhorn, along with the number of iterations
needed to achieve this performance. Both algorithms scale well and show high accuracy, while
requiring a similar amount of computation. We highlight that at this scale, simply storing the cost or
coupling matrices would require about 30Gb. The experiment has to happen across multiple GPUs.
Thanks to its integration in JAX and OTT-JAX [Cuturi et al., 2022b], PROGOT supports sharding
by simply changing a few lines of code. The algorithms scales seamlessly and each run takes about
15 minutes, on a single node of 8 A100 GPUs. This experiment sets a convincing example on how
PROGOT scales to much larger (in n and d) problems than considered previously.

Conclusion
In this work, we proposed PROGOT, a new family of EOT solvers that blend dynamic and static formu-
lations of OT by using the Sinkhorn algorithm as a subroutine within a progressive scheme. PROGOT
aims to provide practitioners with an alternative to the Sinkhorn algorithm that (i) does not fail when
instantiated with uninformed or ill-informed " regularization, thanks to its self-correcting behavior
and our simple "-scheduling scheme that is informed by the dispersion of the target distribution, (ii)
performs at least as fast as Sinkhorn when used to compute couplings between point clouds, and (iii)
provides a reliable out-of-the-box OT map estimator that comes with a non-asymptotic convergence
guarantee. We believe PROGOT can be used as a strong baseline to estimate Monge maps.
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counterparts using the `22 loss. A small subset of 3 original
images on the left can be compared with their blurred
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Table 2: Coupling recovery, quantified
as trace, and KL divergence from
identity matrix, for coupling matrices
obtained with PROGOT and Sinkhorn,
and blur strengths � = 2, 4. PROGOT
is run for K = 4 and with the constant-
speed schedule.

� 2 4

Sinkhorn Tr 0.9999 0.9954
KL 0.00008 0.02724

# iters 10 2379

PROGOT Tr 1.000 0.9989
KL 0.00000 0.00219

# iters 40 1590

5.3 Scalability of PROGOT
Real-world experiments on pre-processed single-cell data are often run with limited sample sizes
(n ' 10

3) and medium data dimensionality (d  200). As a result they are not suitable to benchmark
OT solvers at larger scale. To address this limitation, we design a challenging large-scale (large n,
large d) OT problem on real data, for which the ground-truth is known. We believe our approach can
be replicated to create benchmarks for OT solvers. We consider the entire grayscale CIFAR10 dataset
[Krizhevsky et al., 2009] for which n = 60, 000 and d = 32 ⇥ 32 = 1024. We consider the task of
matching these n images to their blurred counterparts, using Gaussian blurs of varying width. To
blur an image U 2 RN⇥N we use the isotropic Gaussian kernel K = [exp

�
�(i � j)2/(�N2

)
�
]ij

for i, j  N [c.f. Remark 4.17, Peyré et al., 2019], and define the Gaussian blur operator as
G(U) := KUK 2 RN⇥N . The crucial observation we make in Proposition 5 is that, when using the
squared Euclidean ground cost `22, the optimal matching is necessarily equal to the identity (i.e. each
image must be necessarily matched to its blurred counterpart), as pictured in (Figure 6).

Proposition 5. Let µ̂ =
1
n

P
sn �Us be the empirical distribution over n images and define ⌫̂ :=

G#µ̂ where G is the Gaussian blur operator with � < 1. Then P ? the optimal coupling between
(µ̂, ⌫̂) with the h =

1
2k·k2

2 cost is the normalized n-dimensional identity matrix Id /n.

In light of Proposition 5, we generate two blurred datasets using a Gaussian kernel with � = 2 and
� = 4 (see Figure 7). We then use PROGOT with and Sinkhorn’s Algorithm to match the blurred
dataset back to the original CIFAR10 (de-blurring). The hyper-parameter configurations are the same
as Section 5.2, with � = ✓ = 2

�4. We evaluate the performance of the OT solvers by checking
how close the trace of the recovered coupling Tr(P̂ ) is to 1.0, or with the KL divergence from the
ground-truth, that is, KL(P ?||P̂ ) = � log n � n

P
in log(P̂ii).

Table 2 compares the performance of PROGOT and Sinkhorn, along with the number of iterations
needed to achieve this performance. Both algorithms scale well and show high accuracy, while
requiring a similar amount of computation. We highlight that at this scale, simply storing the cost or
coupling matrices would require about 30Gb. The experiment has to happen across multiple GPUs.
Thanks to its integration in JAX and OTT-JAX [Cuturi et al., 2022b], PROGOT supports sharding
by simply changing a few lines of code. The algorithms scales seamlessly and each run takes about
15 minutes, on a single node of 8 A100 GPUs. This experiment sets a convincing example on how
PROGOT scales to much larger (in n and d) problems than considered previously.

Conclusion
In this work, we proposed PROGOT, a new family of EOT solvers that blend dynamic and static formu-
lations of OT by using the Sinkhorn algorithm as a subroutine within a progressive scheme. PROGOT
aims to provide practitioners with an alternative to the Sinkhorn algorithm that (i) does not fail when
instantiated with uninformed or ill-informed " regularization, thanks to its self-correcting behavior
and our simple "-scheduling scheme that is informed by the dispersion of the target distribution, (ii)
performs at least as fast as Sinkhorn when used to compute couplings between point clouds, and (iii)
provides a reliable out-of-the-box OT map estimator that comes with a non-asymptotic convergence
guarantee. We believe PROGOT can be used as a strong baseline to estimate Monge maps.
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Figure 4: (A) Convergence of TProg to the ground-truth map w.r.t. the empirical L2 norm, for d = 4.
(B) Effect of scheduling ↵k, for d = 64. (C) Effect of scheduling "k using Algorithm 4, for d = 64.

Table 1: Performance of PROGOT compared to baselines, w.r.t D"D between source and target of
the Sciplex dataset. Reported numbers are the average of 5 runs, together with the standard error.

Drug Belinostat Givinostat Hesperadin 5-drug
rankdPCA 16 64 256 16 64 256 16 64 256

PROGOT 2.9±0.1 8.8±0.1 20.8±0.2 3.3±0.2 9.0±0.3 21.9±0.3 3.7±0.4 10.1±0.4 23.1±0.4 1

EOT 2.5±0.1 9.6±0.1 22.8±0.2 3.9±0.4 10.0±0.1 24.7±0.9 4.1±0.4 10.4±0.5 26±1.3 2
Debiased EOT 3.2±0.1 14.3±0.1 39.8±0.4 3.7±0.2 14.7±0.1 42.4±0.8 4.0±0.5 15.2±0.6 41±1.1 4

Monge Gap 3.1±0.1 10.3±0.1 34.4±0.3 2.8±0.2 9.9±0.2 34.9±0.3 3.7±0.5 11.0±0.5 36±1.1 3
ICNN 5.0±0.1 14.7± 0.1 42±1 5.1±0.1 14.8±0.2 40.3±0.1 3.9±0.4 14.3±0.5 46±2 5

first iterations, resulting in D"D (X(k),Y) to initially drop rapidly. Across multiple evaluations,
we observe that the ↵k schedule has little impact on performance and settle on the constant-speed
schedule. Lastly, Figure 4-(C) plots D"D (X(k),Y) for the last 6 steps of the progressive algorithm
under two scenario. PROGOT uses regularization parameters set according to Algorithm 4, and
PROGOT without scheduling, sets every "k as 5% of the mean of the cost matrix between the point
clouds of (X(k),Y). This experiment shows that Algorithm 4 can result in displacements X(k) that
are “closer” to the target Y, potentially improving the overall performance.

Comparing Map Estimators on Single-Cell Data. We consider Sciplex, the single-cell RNA
sequencing data from [Srivatsan et al., 2020] which shows the responses of cancer cell lines to 188
drug perturbations, as reflected in their gene expressions. Visualized in Figure 6, we focus on 5 drugs
(Belinostat, Dacinostat, Givinostat, Hesperadin, and Quisinostat) which have a significant impact
on the cell population as reported by Srivatsan et al. [2020]. We remove genes which appear in less
than 20 cells, and discard cells which have an incomplete gene expression of less than 20 genes,
obtaining n ⇡ 10

4 source and m ⇡ 500 target cells, depending on the drug. We whiten the data,
take it to log(1 + x) scale and apply PCA to reduce the dimensionality to d = {16, 64, 256}. This
procedure repeats the pre-processing steps of Cuturi et al. [2023].

We consider four baselines: (1) training an input convex neural network (ICNN) [Amos et al., 2017]
using the objective of Amos [2022] (2) training a feed-forward neural network regularized with the
Monge Gap [Uscidda and Cuturi, 2023], (3) instantiating the entropic map estimator [Pooladian and
Niles-Weed, 2021] and (4) its debiased variant [Feydy et al., 2019, Pooladian et al., 2022]. The first
two algorithms use neural networks, and we follow hyper-parameter tuning in [Uscidda and Cuturi,
2023]. We choose the number of hidden layers for both as [128, 64, 64]. For the ICNN we use a
learning rate ⌘ = 10

�3, batch size b = 256 and train it using ADAM for 2000 iterations. For the
Monge Gap we set the regularization constant �MG = 10, �cons = 0.1 and the Sinkhorn regular-
ization to " = 0.01. We train the Monge Gap in a similar setting, except that we set ⌘ = 0.01. To
choose " for entropic estimators, we split the training data to get an evaluation set and perform 5-fold
cross-validation on the grid of {2

�3, . . . , 23} ⇥ "0, where "0 is computed as in line 2 of Algorithm 4.

We compare the algorithms by their ability to align the population of control cells, to cells treated
with a drug. We randomly split the data into 80% � 20% train and test sets, and report the mean
and standard error of performance over the test set, for an average of 5 runs. Detailed in Table 1,
PROGOT outperforms the baselines consistently with respect to D"D ((TProg)#X,Y). The table
shows complete results for 3 drugs, and the overall ranking based on performance across all 5 drugs.

5.2 PROGOT as a Coupling Solver

In this section, we benchmark the ability of PROGOT to return a coupling, and compare it to that of the
Sinkhorn algorithm. Comparing coupling solvers is rife with challenges, as their time performance
must be compared comprehensively by taking into account three crucial metrics: (i) the cost of
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Figure 4: (A) Convergence of TProg to the ground-truth map w.r.t. the empirical L2 norm, for d = 4.
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Table 1: Performance of PROGOT compared to baselines, w.r.t D"D between source and target of
the Sciplex dataset. Reported numbers are the average of 5 runs, together with the standard error.

Drug Belinostat Givinostat Hesperadin 5-drug
rankdPCA 16 64 256 16 64 256 16 64 256

PROGOT 2.9±0.1 8.8±0.1 20.8±0.2 3.3±0.2 9.0±0.3 21.9±0.3 3.7±0.4 10.1±0.4 23.1±0.4 1

EOT 2.5±0.1 9.6±0.1 22.8±0.2 3.9±0.4 10.0±0.1 24.7±0.9 4.1±0.4 10.4±0.5 26±1.3 2
Debiased EOT 3.2±0.1 14.3±0.1 39.8±0.4 3.7±0.2 14.7±0.1 42.4±0.8 4.0±0.5 15.2±0.6 41±1.1 4

Monge Gap 3.1±0.1 10.3±0.1 34.4±0.3 2.8±0.2 9.9±0.2 34.9±0.3 3.7±0.5 11.0±0.5 36±1.1 3
ICNN 5.0±0.1 14.7± 0.1 42±1 5.1±0.1 14.8±0.2 40.3±0.1 3.9±0.4 14.3±0.5 46±2 5

first iterations, resulting in D"D (X(k),Y) to initially drop rapidly. Across multiple evaluations,
we observe that the ↵k schedule has little impact on performance and settle on the constant-speed
schedule. Lastly, Figure 4-(C) plots D"D (X(k),Y) for the last 6 steps of the progressive algorithm
under two scenario. PROGOT uses regularization parameters set according to Algorithm 4, and
PROGOT without scheduling, sets every "k as 5% of the mean of the cost matrix between the point
clouds of (X(k),Y). This experiment shows that Algorithm 4 can result in displacements X(k) that
are “closer” to the target Y, potentially improving the overall performance.

Comparing Map Estimators on Single-Cell Data. We consider Sciplex, the single-cell RNA
sequencing data from [Srivatsan et al., 2020] which shows the responses of cancer cell lines to 188
drug perturbations, as reflected in their gene expressions. Visualized in Figure 6, we focus on 5 drugs
(Belinostat, Dacinostat, Givinostat, Hesperadin, and Quisinostat) which have a significant impact
on the cell population as reported by Srivatsan et al. [2020]. We remove genes which appear in less
than 20 cells, and discard cells which have an incomplete gene expression of less than 20 genes,
obtaining n ⇡ 10

4 source and m ⇡ 500 target cells, depending on the drug. We whiten the data,
take it to log(1 + x) scale and apply PCA to reduce the dimensionality to d = {16, 64, 256}. This
procedure repeats the pre-processing steps of Cuturi et al. [2023].

We consider four baselines: (1) training an input convex neural network (ICNN) [Amos et al., 2017]
using the objective of Amos [2022] (2) training a feed-forward neural network regularized with the
Monge Gap [Uscidda and Cuturi, 2023], (3) instantiating the entropic map estimator [Pooladian and
Niles-Weed, 2021] and (4) its debiased variant [Feydy et al., 2019, Pooladian et al., 2022]. The first
two algorithms use neural networks, and we follow hyper-parameter tuning in [Uscidda and Cuturi,
2023]. We choose the number of hidden layers for both as [128, 64, 64]. For the ICNN we use a
learning rate ⌘ = 10

�3, batch size b = 256 and train it using ADAM for 2000 iterations. For the
Monge Gap we set the regularization constant �MG = 10, �cons = 0.1 and the Sinkhorn regular-
ization to " = 0.01. We train the Monge Gap in a similar setting, except that we set ⌘ = 0.01. To
choose " for entropic estimators, we split the training data to get an evaluation set and perform 5-fold
cross-validation on the grid of {2

�3, . . . , 23} ⇥ "0, where "0 is computed as in line 2 of Algorithm 4.

We compare the algorithms by their ability to align the population of control cells, to cells treated
with a drug. We randomly split the data into 80% � 20% train and test sets, and report the mean
and standard error of performance over the test set, for an average of 5 runs. Detailed in Table 1,
PROGOT outperforms the baselines consistently with respect to D"D ((TProg)#X,Y). The table
shows complete results for 3 drugs, and the overall ranking based on performance across all 5 drugs.

5.2 PROGOT as a Coupling Solver

In this section, we benchmark the ability of PROGOT to return a coupling, and compare it to that of the
Sinkhorn algorithm. Comparing coupling solvers is rife with challenges, as their time performance
must be compared comprehensively by taking into account three crucial metrics: (i) the cost of
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A Additional Experiments

In Section 5.1, we demonstrated the performance of PROGOT for map estimation on the sci-Plex
dataset. Here, we present a similar experiment on the 4i data, and extend all map experiments to the
case of a general translation invariant cost function, h = 1.5k·k1.5. In Table 2 and Table 3 we show
D"D ((TProg)#X,Y; h) the sinkhorn divergence using the cost function h.

Table 2: Performance of PROGOT compared to baselines, w.r.t D"D ((TProg)#X,Y; h) with the
1.5-norm cost. Reported numbers are the average of 5 runs, together with the standard error.

Drug Belinostat Givinostat Hesperadin 5-drug
rankdPCA 16 64 256 16 64 256 16 64 256

PROGOT 2.03±0.02 7.11±0.03 18.6±0.1 2.04±0.07 7.1±0.1 19.5±0.1 2.4±0.1 7.7±0.1 20.2±0.4 1

EOT 2.07±0.02 7.22±0.06 18.8±0.2 2.0±0.1 7.1±0.1 19.5±0.1 2.6±0.2 8.1±0.2 20.6±0.6 2
Debiased EOT 3.90±0.04 13.8±0.1 37.6±0.2 4.2±0.1 14.4±0.1 38.7±0.2 3.6±0.2 13.0±0.2 36.0±0.5 4

Monge Gap 2.4±0.1 8.6±0.1 34.2±0.3 2.3±0.1 8.5±0.2 34.8±0.3 3.7±0.5 10.4±0.5 36.0±0.8 3

Table 3: Performance of PROGOT compared to baselines, w.r.t D"D ((TProg)#X,Y; h) where h is
reported in the table. Reported numbers are the average of 10 runs, together with the standard error.

Drug/ cisplatin dasatinib everolimus vindesine staurosporine decitabine overall
Cost `2 `2 `2 1.5k·k1.5 1.5k·k1.5 1.5k·k1.5 rank

PROGOT 1.68±0.04 2.7±0.1 1.66±0.06 2.21±0.03 2.74±0.08 1.66±0.01 2
EOT 2.72±0.05 2.17±0.03 4.86±0.11 2.91±0.09 1.96±0.04 1.73±0.04 3=

Debiased EOT 1.79±0.07 1.65±0.05 2.98±0.29 2.86±0.25 1.81±0.05 1.64±0.05 1

Monge Gap 1.7±0.1 3.3±0.2 1.7±0.1 2.17±0.05 3.03±0.08 1.81±0.05 3=
ICNN 1.74±0.08 3.8±0.7 1.88±0.05 - - - -

GMM Benchmark. Further, we benchmark the map estimation methods on high-dimensional
Gaussian Mixture data, using the dataset of Korotin et al. [2021] for d = 128, 256. In this experiment
the ground truth maps are known and allow us to compare the algorithms more rigorously using the
empirical `2 distance of the maps, as defined in section Section 5.1. Shown in Table 4, we consider
ntest = 500 test points and ntrain = 8000 and 9000 training points, respectively for each dimension.
We have also included a variant of the entropic estimator which uses the default value of the OTT-JAX
library for ", and unlike other EOT algorithms, is not cross-validated. This is to demonstrate the
significant effect that " has on Sinkhorn solvers.

Table 4: GMM benchmark. The Table shows the MSE, average of kŷ � ytestk2
2 for ntest = 500

points, where ŷ = T̂ (xtest) and the ground truth is ytest.
d = 128 d = 256

PROGOT 0.099±0.009 0.12±0.01
EOT 0.12±0.01 0.16±0.02

Debiased EOT 0.11±0.01 0.128±0.002
Untuned EOT 0.250±0.023 0.276±0.006
Monge Gap 0.36±0.02 0.273±0.005

ICNN 0.177±0.023 0.117±0.005

CIFAR Experiment.

B Details of all Experiments

Generation of Figure 1 and Figure 2. We consider a toy example where the target and source
clouds are as shown in Figure 1. We visualize the entropic map [Pooladian and Niles-Weed, 2021],
its debiased variant [Pooladian et al., 2022] and PROGOT, where we consider a decelerated schedule
with 6 steps, and only visualize steps k = 3, 5 to avoid clutter. The hyperparameters of the algorithms
are set as described in Section 5. Figure 2 shows the coupling matrix corresponding to the same data,
resulting from the same solvers.

Sinkhorn Divergence and its Regularization Parameter. In some of the experiments, we calculate
the Sinkhorn divergence between two point clouds as a measure of distance. In all experiments
we set the value of "D and according to the geometry of the target point cloud. In particular, we
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schedule has tk+1 � tk increasing (resp. decreasing) with k. Table 6 presents the specific choices of
↵k for each of these schedules. By convention, we set the last step to be a complete step, i.e., ↵K = 1.

Setting regularization schedule. To set the regularization parameters ("k)
K
k=0, we propose Al-

gorithm 4. To set "0, we use the average of the values in the cost matrix [h(xi � yj)]ij between
source and target, multiplied by a small factor, as implemented in [Cuturi et al., 2022b]. Then
for "K , we make the following key observation. As the last iteration, the algorithm is computing
E(k), an entropic map roughly between the target measure and itself. For this problem, we know
trivially that the OT map should be the identity. Therefore, given a set of values to choose from, we
pick "K to be that which minimizes this error over a hold-out evaluation set of Ytest = (ỹj)

m
j=1

Algorithm 4 "-scheduler(Ytest, (sp)p, �0)

1: recover a,X,b,Y, (↵k)k.
2: set "0  1

20
1

nm

P
ij h(xi � yj).

3: set �  1
20

1
m2

P
lj h(yl � yj).

4: for p = 1, . . . , P do
5: " sp ⇥ �.
6: _,g, _ SINK(b,Y,b,Y, ", ⌧)

7: T = TProg[b,Y, (g, ", 1)]

8: errorp  kYtest � T (Ytest)k2
9: end for

10: p?
= arg minp errorp.

11: "1  sp? ⇥ �.
12: (tk)k = (1�

Qk
`=1(1� ↵`))k.

13: return: ((1� tk)�0"0 + tk"1)k.

error("; Ytest) :=

mX

j=1

���ỹj � E(K)
(ỹj)

���
2

2
.

The intermediate values are then set by interpolating
between �0"0 and "K , according to the times
tk. Figure 4-C visualizes the effect of applying
Algorithm 4 for scheduling, as opposed to choosing
default values for "k.

Setting threshold schedule. By setting the Sinkhorn
stopping threshold ⌧k as a function of time k, one
can modulate the amount of compute effort spent by
the Sinkhorn subroutine at each step. This can be
achieved by decreasing ⌧k linearly w.r.t. the iteration
number, from a loose initial value, e.g., 0.1, to a final
target value ⌧K ⌧ 1. Doing so results naturally in
sub-optimal couplings P and dual variables g(k) at
each step k, which might hurt performance. However,
two comments are in order: (i) Because the last threshold ⌧K can be set independently, the final
coupling matrix P returned by PROGOT can be arbitrarily feasible, in the sense that its marginals can
be made arbitrarily close to a,b by setting ⌧K to a small value. This makes it possible to compare in a
fair way to a direct application of the Sinkhorn algorithm. (ii) Because the coupling is normalized by
its own marginal in line (5) of Algorithm 2, we ensure that the barycentric projection computed at each
step remains valid, i.e., the matrix Q is a transition kernel, with line vectors in the probability simplex.

5 Experiments
We run experiments to evaluate the performance of PROGOT across various datasets, on its ability to
act as a map estimator, and to produce couplings between the source and target points. The code for
PROGOT, is included in the OTT-JAX package [Cuturi et al., 2022b].

5.1 PROGOT as a Map Estimator
In map experiments, unless mentioned otherwise, we run PROGOT for K = 16 steps, with a
constant-speed schedule for ↵k, and the regularization schedule set via Algorithm 4 with �0 = 5 and
sp 2 {2

�3, . . . , 23}. In these experiments, we fit the estimators on training data using the `22 transport
cost, and report their performance on test data in Figure 4 and Table 1. To this end, we quantify the
distance between two test point clouds (X,Y) with the Sinkhorn divergence [Genevay et al., 2018,
Feydy et al., 2019], always using the `22 transport cost. Writing OT"(X,Y) for the objective value of
Equation (5), the Sinkhorn divergence reads

D"D (X,Y) := OT"D (X,Y)� 1
2

�
OT"D (X,X) + OT"D (Y,Y)

�
, (8)

where "D is 5% of the mean (intra) cost seen within the target distribution (see Appendix B).

Exploratory Experiments on Synthetic Data. We consider a synthetic dataset where X is a d-
dimensional point cloud sampled from a 3-component Gaussian mixture. The ground-truth T0 is the
gradient of an input convex neural network (ICNN) previously fitted to push roughly X to a mixture
of 10 Gaussians [Korotin et al., 2021]. From this map, we generate the target point cloud Y. Unless
stated otherwise, we use ntrain = 7000 samples to train a progressive map between the source and
target point clouds and visualize some of its properties in Figure 4 using ntest = 500 test points.
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2 Background
Optimal transport. For domain ⌦ ✓ Rd, let P2(⌦) denote the space of probability measures over
⌦ with a finite second moment, and let P2,ac(⌦) be those with densities. Let µ, ⌫ 2 P2(⌦), and
let �(µ, ⌫) be the set of joint probability measures with left-marginal µ and right-marginal ⌫. We
consider a translation invariant cost function c(x, y) := h(x� y), with h a strictly convex function,
and define the Wasserstein distance, parameterized by h, between µ and ⌫

W (µ, ⌫) := inf
⇡2�(µ,⌫)

ZZ
h(x� y)d⇡(x, y) . (1)

This formulation is due to Kantorovitch [1942], and we call the minimizers to (1) OT couplings or
OT plans, and denote it as ⇡0. A subclass of couplings are those induced by pushforward maps. We
say that T : Rd ! Rd pushes µ forward to ⌫ if T (X) ⇠ ⌫ for X ⇠ µ, and write T#µ = ⌫. Given
a choice of cost, we can define the Monge [1781] formulation of OT

T0 := arg min
T :T#µ=⌫

Z
h(x� T (x))dµ(x) (2)

where the minimizers are referred to as Monge maps, or OT maps from µ to ⌫. Unlike OT couplings,
OT maps are not always guaranteed to exist. Though, if µ has a density, we obtain significantly more
structure on the OT map:

Theorem 1 (Brenier’s Theorem [1991]). Suppose µ 2 P2,ac(⌦) and ⌫ 2 P2(⌦). Then there exists a
unique solution to (2) that is of the form T0 = Id�rh⇤ � rf0, where h⇤ is the convex-conjugate of
h, i.e. h⇤

(y) := maxxhx, yi � h(x), and

(f0, g0) 2 arg max

(f,g)2F

Z
fdµ +

Z
gd⌫ , (3)

where F := {(f, g) 2 L1
(µ)⇥ L1

(⌫) : f(x) + g(y)  h(x� y), 8x, y 2 ⌦.}. Moreover, the OT
plan is given by ⇡0(dx, dy) = �T0(x)(y)µ(dx).

Importantly, (3) is the dual problem to (1) and the pair of functions (f0, g0) are referred to as
the optimal Kantorovich potentials. Lastly, we recall the notion of geodesics with respect to the
Wasserstein distance. For a pair of measures µ and ⌫ with OT map T0, the McCann interpolation
between µ and ⌫ is defined as

µ↵ := ((1� ↵) Id +↵T0)#µ , (4)

where ↵ 2 [0, 1]. Equivalently, µ↵ is the law of X↵ = (1� ↵)X + ↵T0(X), where X ⇠ µ. In the
case where h = k · kp for p > 1, the McCann interpolation is in fact a geodesic in the Wasserstein
space [Ambrosio et al., 2005]. While this equivalence may not hold for general costs, the McCann
interpolation still provides a natural path of measures between µ and ⌫ [Liu, 2022].

Algorithm 1 SINK(a,X,b,Y, ", ⌧, finit,ginit).

1: f ,g finit,ginit (zero by default)
2: x1, . . . ,xn = X, y1, . . . ,ym = Y
3: C [h(xi � yj)]ij

4: while k exp

⇣
C�f�g

"

⌘
1m � ak1 < ⌧ do

5: f  " log a�min"(C� f � g) + f
6: g " logb�min"(C> � g � f) + g
7: end while
8: return f ,g,P = exp ((C� f � g)/")

Entropic OT. Entropic regularization has be-
come the de-facto approach to estimate all
three variables ⇡0, f0 and T0 using samples
(x1, . . . ,xn) and (y1, . . . ,ym), both weighted
by probability weight vectors a 2 Rn

+,b 2 Rm
+

summing to 1, to form approximations µ̂n =Pn
i=1 ai�xi and ⌫̂m =

Pm
i=1 bj�yj . A com-

mon formulation of the EOT problem is the fol-
lowing "-strongly concave program:

f?,g?
= arg max

f2Rn,g2Rm
hf ,ai+ hg,bi

� "hef/",Keg/"i , (5)

where " > 0 and Ki,j = [exp(�(xi � yj)/")]i,j 2 Rn⇥m
+ . We can verify that (5) is a regularized

version of (3) when applied to empirical measures [Peyré et al., 2019, Proposition 4.4]. Sinkhorn’s
algorithm presents an iterative scheme for obtaining (f?,g?

), and we recall it in Algorithm 1, where
for a matrix S = [Si,j ] we use the notation min"(S) := [�" log

�
1>e�Si,·/"

�
]i, and � is the tensor

3

Proof sketch. In Lemma 11, we show that

E
���T

(K)
Prog � T0

���
2

L2(µ)
.

KX

k=0

�k :=

KX

k=0

EkE(k) � T (k)k2L2(µ(k)) ,

where µ(k) is a point on the true interpolation path, and T (k) is the optimal transport map emanating
from it. Here, E(k) is the entropic map estimator between the final target points and the data that
has been pushed forward by earlier entropic maps. It suffices to control the term �k. Since E(k)

and T (k) are calculated for different measures, we prove a novel stability property (Proposition 4)
to show that along the interpolation path, these intermediate maps remain close to their unregularized
population counterparts, if ↵k and "k are chosen as prescribed. This result is based off the recent
work by Divol et al. [2024] and allows us to recursively relate the estimation at the k-th iterate to the
estimation at the previous ones, down to �0. Thus, Lemma 12 tells us that, under our assumptions
and parameter choices ↵k ⇣ n�1/d and "k ⇣ n�1/2d, it holds that for all k � 0

�k .log(n) n�1/d .

Since the stability bound allows us to relate �k to �0, combined with the above, we have that

�k .log(n) �0 .log(n) n�1/d ,

where the penultimate inequality uses the existing estimation rates from Pooladian and Niles-Weed
[2021], with our parameter choice for "0.

Proposition 4 (Stability of entropic maps with variations in the source measure). Let h =
1
2k · k2.

Let µ, µ0, ⇢ be probability measures over a compact domain with radius R. Suppose T", T 0
" are,

respectively, the entropic maps from µ to ⇢ and µ0 to ⇢, both with the parameter " > 0. Then

kT" � T 0
"k

2
L2(µ)  3R2"�1W 2

2 (µ, µ0
) .

4 Computing Couplings and Map Estimators with PROGOT
Following the presentation and motivation of PROGOT in Section 3, here we outline a practical
implementation. Recall that µ̂n =

Pn
i=1 ai�xi and ⌫̂m =

Pm
j=1 bj�yj , and we summarize the

locations of these measures to the matrices X = (x1, . . . ,xn) and Y = (y1, . . . ,ym), which are of
size n ⇥ d and m⇥ d, respectively. Our PROGOT solver, concretely summarized in Algorithm 2,
takes as input two weighted point clouds, step-lengths (↵k)k, regularization parameters ("k)k, and
threshold parameters (⌧k)k, to output two objects of interest: the final coupling matrix P of size n⇥m,
as illustrated in Figure 2, and the entities needed to instantiate the TProg map estimator, where an
implementation is detailed in Algorithm 3. We highlight that Algorithm 2 incorporates a warm-starting
method when instantiating Sinkhorn solvers (Line 3). This step may be added to improve the runtime.

Algorithm 2 PROGOT(a,X,b,Y, ("k, ↵k, ⌧k)k)

1: f = 0n,g(�1)
= 0m.

2: for k = 0, . . . , K do
3: finit,ginit  (1� ↵k) f , (1� ↵k)g(k�1)

4: f ,g(k),P Sink(a,X,b,Y, "k, ⌧k, finit,ginit)
5: Q diag(1/P1m)P
6: Z [rh⇤

(
P

j Qijrh(xi � yj))]i 2 Rn⇥d

7: X X� ↵k Z
8: end for
9: return: Coupling matrix P,

10: Map estimator TProg[b,Y, (g(k), "k, ↵k)k](·)

Algorithm 3 TProg[b,Y, (g(k), "k, ↵k)k]

1: input: Source point x 2 Rd

2: initialize: y = x, ↵K reset to 1.
3: for k = 0, . . . K do
4: p [bj exp(

g(k)�h(y�yj)
"k

)]j

5: p p/1T
mp 2 Rm

6: � [rh(y � yj)]j 2 Rm⇥d

7: z rh⇤
(pT�) 2 Rd

8: y y � ↵kz.
9: end for

10: return: y

Setting step lengths. We propose three scheduling schemes for (↵k)k: decelerated, constant-speed
and accelerated. Let tk 2 [0, 1] denote the progress along the interpolation path at iterate k. At step
zero, t0 = ↵0. Then at the next step, we progress by a fraction ↵1 of the remainder, and therefore
t1 = t0 + ↵1(1�↵0). It is straightforward to show that tk = 1�

Qk
`=1(1� ↵`). We call a schedule

constant speed, if tk+1 � tk is a constant function of k, whereas an accelerated (resp. decelerated)
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Two algorithms: the ProgOT OT/Monge map estimator, valid 
out of sample, and a heuristic designed to help schedule  
throughout iterations, adaptively through a small 
optimisation.

ε

Sinkhorn algorithm (given here in dual form) vs. ProgOT recursive 
approach to compute couplings.

ProgOT’s cost/regularization frontier as coupling solver.

ProgOT as OT map estimator vs. alternatives.

Running ProgOT computations on a benchmark task of 
matching 60k images vs. their blurred versions (OT map is 
known!). Easy because natively shard-able (thanks to JAX).

Abstract

Baseline Approach: Sinkhorn

Progressive Optimal Transport for Coupling and Transport Solvers Experiments

Conclusion

O✏ine

Theorem (Non-Asymptotic Consistency)

Given n i.i.d. samples from µ and ⌫, for an appropriate choice

of ("k)k and (↵k)k , the K -step progressive map T (K)
Prog satisfies

E
���T (k)

Prog � T0

���
2

L2(µ)
. n�

1
d ,

under regularity assumptions on µ, ⌫, and the true map T0.

: OT map between  & T0 μ ν : ProgOT map between  & T(k)
Prog ̂μn ̂νn


