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How do you solve it?
In full generality, OT does not have a solution or is very tough to solve. 

Entropic OT adds a regularization term to make things better:
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Given µ̂, ⌫̂: Sinkhorn’s algorithm can solve this and return T̂" and ⇡̂"
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Small ": the algorithm may not converge
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Our solution: ProgOT

EOT Debiased EOT ProgOT

xtrain xtest ytrain Transported(xtest) xinterpolate• Elevates issue of regularization parameter
• Convergences to the ground truth (statistical guarantee)
• Competitive performance, scalable, and computationally light

EOT Debiased EOT ProgOT

xtrain xtest ytrain TProg(xtest) xinterpolate
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Blend the static OT problem with the dynamic perspective.

Solve a series of EOT problems, with reduced sensitivity to <latexit sha1_base64="2fsuAdeJ160xrMAdphAVp8/JyYg="></latexit>"
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We can repeat this K times to get T (K)
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Theoretical guarantee

O✏ine

Theorem (Non-Asymptotic Consistency)

Given n i.i.d. samples from µ and ⌫, for an appropriate choice

of ("k)k and (↵k)k , the K -step progressive map T (K)
Prog satisfies

E
���T (k)

Prog � T0
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L2(µ)
. n�

1
d ,

under regularity assumptions on µ, ⌫, and the true map T0.
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T0: OT map between µ & ⌫

Proof idea: The intermediate steps of ProgOT are on the Wasserstein geodesic.
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Independent of K!
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ProgOT outperforms other map estimators, including neural ones.

0 5

°2

0

2

4

6

Belinostat

0 5

°2

0

2

4

6

Dacinostat

0 5

°2

0

2

4

6

Givinostat

0 5

°2

0

2

4

6

Hesperadin

0 5

°2

0

2

4

6

Quisinostat

xtrain xtest ytrain ytest

control
treated

Single-Cell data (sci-Plex3)

Ground truth is known: MSE 
between the maps over test points

SinkDiv between the predicted target 
and the test target point cloud

102 103 104

number of samples (ntrain)

0.0050

0.0075

0.0100

0.0125

M
S
E

(A) Estimator Consistency

Entropic

ProgOT

5 10 15
iters (k)

50

100

S
in

k
D

iv

(B) Scheduling �k

Constant

Decelerate

Accelerate

11 12 13 14 15 16
iters (k)

20

30

40

S
in

k
D

iv

(C) Scheduling �k

ProgOT

ProgOT no �-sched

Figure 4: (A) Convergence of TProg to the ground-truth map w.r.t. the empirical L2 norm, for d = 4.
(B) Effect of scheduling ↵k, for d = 64. (C) Effect of scheduling "k using Algorithm 4, for d = 64.

Table 1: Performance of PROGOT compared to baselines, w.r.t D"D between source and target of
the Sciplex dataset. Reported numbers are the average of 5 runs, together with the standard error.

Drug Belinostat Givinostat Hesperadin 5-drug
rankdPCA 16 64 256 16 64 256 16 64 256

PROGOT 2.9±0.1 8.8±0.1 20.8±0.2 3.3±0.2 9.0±0.3 21.9±0.3 3.7±0.4 10.1±0.4 23.1±0.4 1

EOT 2.5±0.1 9.6±0.1 22.8±0.2 3.9±0.4 10.0±0.1 24.7±0.9 4.1±0.4 10.4±0.5 26±1.3 2
Debiased EOT 3.2±0.1 14.3±0.1 39.8±0.4 3.7±0.2 14.7±0.1 42.4±0.8 4.0±0.5 15.2±0.6 41±1.1 4

Monge Gap 3.1±0.1 10.3±0.1 34.4±0.3 2.8±0.2 9.9±0.2 34.9±0.3 3.7±0.5 11.0±0.5 36±1.1 3
ICNN 5.0±0.1 14.7± 0.1 42±1 5.1±0.1 14.8±0.2 40.3±0.1 3.9±0.4 14.3±0.5 46±2 5

first iterations, resulting in D"D (X(k),Y) to initially drop rapidly. Across multiple evaluations,
we observe that the ↵k schedule has little impact on performance and settle on the constant-speed
schedule. Lastly, Figure 4-(C) plots D"D (X(k),Y) for the last 6 steps of the progressive algorithm
under two scenario. PROGOT uses regularization parameters set according to Algorithm 4, and
PROGOT without scheduling, sets every "k as 5% of the mean of the cost matrix between the point
clouds of (X(k),Y). This experiment shows that Algorithm 4 can result in displacements X(k) that
are “closer” to the target Y, potentially improving the overall performance.

Comparing Map Estimators on Single-Cell Data. We consider Sciplex, the single-cell RNA
sequencing data from [Srivatsan et al., 2020] which shows the responses of cancer cell lines to 188
drug perturbations, as reflected in their gene expressions. Visualized in Figure 6, we focus on 5 drugs
(Belinostat, Dacinostat, Givinostat, Hesperadin, and Quisinostat) which have a significant impact
on the cell population as reported by Srivatsan et al. [2020]. We remove genes which appear in less
than 20 cells, and discard cells which have an incomplete gene expression of less than 20 genes,
obtaining n ⇡ 10

4 source and m ⇡ 500 target cells, depending on the drug. We whiten the data,
take it to log(1 + x) scale and apply PCA to reduce the dimensionality to d = {16, 64, 256}. This
procedure repeats the pre-processing steps of Cuturi et al. [2023].

We consider four baselines: (1) training an input convex neural network (ICNN) [Amos et al., 2017]
using the objective of Amos [2022] (2) training a feed-forward neural network regularized with the
Monge Gap [Uscidda and Cuturi, 2023], (3) instantiating the entropic map estimator [Pooladian and
Niles-Weed, 2021] and (4) its debiased variant [Feydy et al., 2019, Pooladian et al., 2022]. The first
two algorithms use neural networks, and we follow hyper-parameter tuning in [Uscidda and Cuturi,
2023]. We choose the number of hidden layers for both as [128, 64, 64]. For the ICNN we use a
learning rate ⌘ = 10

�3, batch size b = 256 and train it using ADAM for 2000 iterations. For the
Monge Gap we set the regularization constant �MG = 10, �cons = 0.1 and the Sinkhorn regular-
ization to " = 0.01. We train the Monge Gap in a similar setting, except that we set ⌘ = 0.01. To
choose " for entropic estimators, we split the training data to get an evaluation set and perform 5-fold
cross-validation on the grid of {2

�3, . . . , 23} ⇥ "0, where "0 is computed as in line 2 of Algorithm 4.

We compare the algorithms by their ability to align the population of control cells, to cells treated
with a drug. We randomly split the data into 80% � 20% train and test sets, and report the mean
and standard error of performance over the test set, for an average of 5 runs. Detailed in Table 1,
PROGOT outperforms the baselines consistently with respect to D"D ((TProg)#X,Y). The table
shows complete results for 3 drugs, and the overall ranking based on performance across all 5 drugs.

5.2 PROGOT as a Coupling Solver

In this section, we benchmark the ability of PROGOT to return a coupling, and compare it to that of the
Sinkhorn algorithm. Comparing coupling solvers is rife with challenges, as their time performance
must be compared comprehensively by taking into account three crucial metrics: (i) the cost of
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Figure 4: (A) Convergence of TProg to the ground-truth map w.r.t. the empirical L2 norm, for d = 4.
(B) Effect of scheduling ↵k, for d = 64. (C) Effect of scheduling "k using Algorithm 4, for d = 64.

Table 1: Performance of PROGOT compared to baselines, w.r.t D"D between source and target of
the Sciplex dataset. Reported numbers are the average of 5 runs, together with the standard error.

Drug Belinostat Givinostat Hesperadin 5-drug
rankdPCA 16 64 256 16 64 256 16 64 256

PROGOT 2.9±0.1 8.8±0.1 20.8±0.2 3.3±0.2 9.0±0.3 21.9±0.3 3.7±0.4 10.1±0.4 23.1±0.4 1

EOT 2.5±0.1 9.6±0.1 22.8±0.2 3.9±0.4 10.0±0.1 24.7±0.9 4.1±0.4 10.4±0.5 26±1.3 2
Debiased EOT 3.2±0.1 14.3±0.1 39.8±0.4 3.7±0.2 14.7±0.1 42.4±0.8 4.0±0.5 15.2±0.6 41±1.1 4

Monge Gap 3.1±0.1 10.3±0.1 34.4±0.3 2.8±0.2 9.9±0.2 34.9±0.3 3.7±0.5 11.0±0.5 36±1.1 3
ICNN 5.0±0.1 14.7± 0.1 42±1 5.1±0.1 14.8±0.2 40.3±0.1 3.9±0.4 14.3±0.5 46±2 5

first iterations, resulting in D"D (X(k),Y) to initially drop rapidly. Across multiple evaluations,
we observe that the ↵k schedule has little impact on performance and settle on the constant-speed
schedule. Lastly, Figure 4-(C) plots D"D (X(k),Y) for the last 6 steps of the progressive algorithm
under two scenario. PROGOT uses regularization parameters set according to Algorithm 4, and
PROGOT without scheduling, sets every "k as 5% of the mean of the cost matrix between the point
clouds of (X(k),Y). This experiment shows that Algorithm 4 can result in displacements X(k) that
are “closer” to the target Y, potentially improving the overall performance.

Comparing Map Estimators on Single-Cell Data. We consider Sciplex, the single-cell RNA
sequencing data from [Srivatsan et al., 2020] which shows the responses of cancer cell lines to 188
drug perturbations, as reflected in their gene expressions. Visualized in Figure 6, we focus on 5 drugs
(Belinostat, Dacinostat, Givinostat, Hesperadin, and Quisinostat) which have a significant impact
on the cell population as reported by Srivatsan et al. [2020]. We remove genes which appear in less
than 20 cells, and discard cells which have an incomplete gene expression of less than 20 genes,
obtaining n ⇡ 10

4 source and m ⇡ 500 target cells, depending on the drug. We whiten the data,
take it to log(1 + x) scale and apply PCA to reduce the dimensionality to d = {16, 64, 256}. This
procedure repeats the pre-processing steps of Cuturi et al. [2023].

We consider four baselines: (1) training an input convex neural network (ICNN) [Amos et al., 2017]
using the objective of Amos [2022] (2) training a feed-forward neural network regularized with the
Monge Gap [Uscidda and Cuturi, 2023], (3) instantiating the entropic map estimator [Pooladian and
Niles-Weed, 2021] and (4) its debiased variant [Feydy et al., 2019, Pooladian et al., 2022]. The first
two algorithms use neural networks, and we follow hyper-parameter tuning in [Uscidda and Cuturi,
2023]. We choose the number of hidden layers for both as [128, 64, 64]. For the ICNN we use a
learning rate ⌘ = 10

�3, batch size b = 256 and train it using ADAM for 2000 iterations. For the
Monge Gap we set the regularization constant �MG = 10, �cons = 0.1 and the Sinkhorn regular-
ization to " = 0.01. We train the Monge Gap in a similar setting, except that we set ⌘ = 0.01. To
choose " for entropic estimators, we split the training data to get an evaluation set and perform 5-fold
cross-validation on the grid of {2

�3, . . . , 23} ⇥ "0, where "0 is computed as in line 2 of Algorithm 4.

We compare the algorithms by their ability to align the population of control cells, to cells treated
with a drug. We randomly split the data into 80% � 20% train and test sets, and report the mean
and standard error of performance over the test set, for an average of 5 runs. Detailed in Table 1,
PROGOT outperforms the baselines consistently with respect to D"D ((TProg)#X,Y). The table
shows complete results for 3 drugs, and the overall ranking based on performance across all 5 drugs.

5.2 PROGOT as a Coupling Solver

In this section, we benchmark the ability of PROGOT to return a coupling, and compare it to that of the
Sinkhorn algorithm. Comparing coupling solvers is rife with challenges, as their time performance
must be compared comprehensively by taking into account three crucial metrics: (i) the cost of
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A Additional Experiments

In Section 5.1, we demonstrated the performance of PROGOT for map estimation on the sci-Plex
dataset. Here, we present a similar experiment on the 4i data, and extend all map experiments to the
case of a general translation invariant cost function, h = 1.5k·k1.5. In Table 2 and Table 3 we show
D"D ((TProg)#X,Y; h) the sinkhorn divergence using the cost function h.

Table 2: Performance of PROGOT compared to baselines, w.r.t D"D ((TProg)#X,Y; h) with the
1.5-norm cost. Reported numbers are the average of 5 runs, together with the standard error.

Drug Belinostat Givinostat Hesperadin 5-drug
rankdPCA 16 64 256 16 64 256 16 64 256

PROGOT 2.03±0.02 7.11±0.03 18.6±0.1 2.04±0.07 7.1±0.1 19.5±0.1 2.4±0.1 7.7±0.1 20.2±0.4 1

EOT 2.07±0.02 7.22±0.06 18.8±0.2 2.0±0.1 7.1±0.1 19.5±0.1 2.6±0.2 8.1±0.2 20.6±0.6 2
Debiased EOT 3.90±0.04 13.8±0.1 37.6±0.2 4.2±0.1 14.4±0.1 38.7±0.2 3.6±0.2 13.0±0.2 36.0±0.5 4

Monge Gap 2.4±0.1 8.6±0.1 34.2±0.3 2.3±0.1 8.5±0.2 34.8±0.3 3.7±0.5 10.4±0.5 36.0±0.8 3

Table 3: Performance of PROGOT compared to baselines, w.r.t D"D ((TProg)#X,Y; h) where h is
reported in the table. Reported numbers are the average of 10 runs, together with the standard error.

Drug/ cisplatin dasatinib everolimus vindesine staurosporine decitabine overall
Cost `2 `2 `2 1.5k·k1.5 1.5k·k1.5 1.5k·k1.5 rank

PROGOT 1.68±0.04 2.7±0.1 1.66±0.06 2.21±0.03 2.74±0.08 1.66±0.01 2
EOT 2.72±0.05 2.17±0.03 4.86±0.11 2.91±0.09 1.96±0.04 1.73±0.04 3=

Debiased EOT 1.79±0.07 1.65±0.05 2.98±0.29 2.86±0.25 1.81±0.05 1.64±0.05 1

Monge Gap 1.7±0.1 3.3±0.2 1.7±0.1 2.17±0.05 3.03±0.08 1.81±0.05 3=
ICNN 1.74±0.08 3.8±0.7 1.88±0.05 - - - -

GMM Benchmark. Further, we benchmark the map estimation methods on high-dimensional
Gaussian Mixture data, using the dataset of Korotin et al. [2021] for d = 128, 256. In this experiment
the ground truth maps are known and allow us to compare the algorithms more rigorously using the
empirical `2 distance of the maps, as defined in section Section 5.1. Shown in Table 4, we consider
ntest = 500 test points and ntrain = 8000 and 9000 training points, respectively for each dimension.
We have also included a variant of the entropic estimator which uses the default value of the OTT-JAX
library for ", and unlike other EOT algorithms, is not cross-validated. This is to demonstrate the
significant effect that " has on Sinkhorn solvers.

Table 4: GMM benchmark. The Table shows the MSE, average of kŷ � ytestk2
2 for ntest = 500

points, where ŷ = T̂ (xtest) and the ground truth is ytest.
d = 128 d = 256

PROGOT 0.099±0.009 0.12±0.01
EOT 0.12±0.01 0.16±0.02

Debiased EOT 0.11±0.01 0.128±0.002
Untuned EOT 0.250±0.023 0.276±0.006
Monge Gap 0.36±0.02 0.273±0.005

ICNN 0.177±0.023 0.117±0.005

CIFAR Experiment.

B Details of all Experiments

Generation of Figure 1 and Figure 2. We consider a toy example where the target and source
clouds are as shown in Figure 1. We visualize the entropic map [Pooladian and Niles-Weed, 2021],
its debiased variant [Pooladian et al., 2022] and PROGOT, where we consider a decelerated schedule
with 6 steps, and only visualize steps k = 3, 5 to avoid clutter. The hyperparameters of the algorithms
are set as described in Section 5. Figure 2 shows the coupling matrix corresponding to the same data,
resulting from the same solvers.

Sinkhorn Divergence and its Regularization Parameter. In some of the experiments, we calculate
the Sinkhorn divergence between two point clouds as a measure of distance. In all experiments
we set the value of "D and according to the geometry of the target point cloud. In particular, we

14
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Table 1: Performance of PROGOT compared to baselines, w.r.t D"D between source and target of
the sci-Plex dataset. Reported numbers are the average of 5 runs, together with the standard error.
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PROGOT 2.9±0.1 8.8±0.1 20.8±0.2 3.3±0.2 9.0±0.3 21.9±0.3 3.7±0.4 10.1±0.4 23.1±0.4 1

EOT 2.5±0.1 9.6±0.1 22.8±0.2 3.9±0.4 10.0±0.1 24.7±0.9 4.1±0.4 10.4±0.5 26±1.3 2
Debiased EOT 3.2±0.1 14.3±0.1 39.8±0.4 3.7±0.2 14.7±0.1 42.4±0.8 4.0±0.5 15.2±0.6 41±1.1 4

Monge Gap 3.1±0.1 10.3±0.1 34.4±0.3 2.8±0.2 9.9±0.2 34.9±0.3 3.7±0.5 11.0±0.5 36±1.1 3
ICNN 5.0±0.1 14.7± 0.1 42±1 5.1±0.1 14.8±0.2 40.3±0.1 4.0±0.4 14.4±0.5 46±2.1 5
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Figure 5: Performance as a coupling solver on the 4i dataset. PROGOT returns better couplings,
in terms of the OT cost and the entropy, for a fraction of Sinkhorn iterations, while still returning
a coupling that has the same deviation to the original marginals. The (top) row is computed using
h = k.k2

2, the (bottom) row shows results for the cost h =
1
pk · kp

p where p = 1.5.

criterion (iii), leaving us only three quantities to monitor: compute effort here quantified as total
number of Sinkhorn iterations, summed over all K steps for PROGOT), transport cost and entropy.
While compute effort and transport cost should, ideally, be as small as possible, certain applications
requiring, e.g., differentiability [Cuturi et al., 2019] or better sample complexity [Genevay et al.,
2019], may prefer higher entropies.

To monitor these three quantities, and cover an interesting space of solutions that, we run Sinkhorn’s
algorithm for a logarithmic grid of " = �"0 values (here "0 is defined in Line 2 of Algorithm 4), and
compare it to constant-speed PROGOT with K = {2, 4, 8}. Because one cannot directly compare reg-
ularizations, we explore many choices to schedule " within PROGOT. Following the default strategy
used in OTT-JAX [Cuturi et al., 2022a], we set at every iterate k, "k = ✓c̄k, where c̄k is 5% of the the
mean of the cost matrix at that iteration, as detailed in Appendix B. We do not use Algorithm 4 since
it returns a regularization schedule that is tuned for map estimation, while the goal here is to recover
couplings that are comparable to those outputted by Sinkhorn. We set the threshold for marginal
constraint satisfaction for both algorithms as ⌧K = ⌧ = 0.001 and run all algorithms to convergence,
with infinite iteration budget. For the coupling experiments, we use the single-cell multiplex data
of Bunne et al. [2023], reflecting morphological features and protein intensities of melanoma tumor
cells. The data describes d = 47 features for n ⇡ 11, 000 control cells, and m ⇡ 2, 800 treated cells,
for each of 34 drugs, of which we use only 6 at random. To align the cell populations, we consider
two ground costs: the squared-Euclidean norm k · k2 as well as h =

1
pk · kp

p, with p = 1.5.

Results for 6 drugs are displayed in Figure 5. The area of the marker reflects the total number of
Sinkhorn iterations needed for either algorithm to converge to a coupling with a threshold ⌧ = 10

�3.
The values for � and K displayed in the legend are encoded using colors. The global scaling parameter
for PROGOT is set to ✓ = 2

�4. Figure 8 and 9 visualize other choices for ✓. These results prove that
PROGOT provides a competitive alternative to Sinkhorn, to compute couplings that yield a small
entropy and cost at a low computational effort, while satisfying the same level of marginal constraints.
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Figure 5: Performance as a coupling solver on the 4i dataset. PROGOT returns better couplings,
in terms of the OT cost and the entropy, for a fraction of Sinkhorn iterations, while still returning
a coupling that has the same deviation to the original marginals. The (top) row is computed using
h = k.k2

2, the (bottom) row shows results for the cost h =
1
pk · kp

p where p = 1.5.

criterion (iii), leaving us only three quantities to monitor: compute effort here quantified as total
number of Sinkhorn iterations, summed over all K steps for PROGOT), transport cost and entropy.
While compute effort and transport cost should, ideally, be as small as possible, certain applications
requiring, e.g., differentiability [Cuturi et al., 2019] or better sample complexity [Genevay et al.,
2019], may prefer higher entropies.

To monitor these three quantities, and cover an interesting space of solutions that, we run Sinkhorn’s
algorithm for a logarithmic grid of " = �"0 values (here "0 is defined in Line 2 of Algorithm 4), and
compare it to constant-speed PROGOT with K = {2, 4, 8}. Because one cannot directly compare reg-
ularizations, we explore many choices to schedule " within PROGOT. Following the default strategy
used in OTT-JAX [Cuturi et al., 2022a], we set at every iterate k, "k = ✓c̄k, where c̄k is 5% of the the
mean of the cost matrix at that iteration, as detailed in Appendix B. We do not use Algorithm 4 since
it returns a regularization schedule that is tuned for map estimation, while the goal here is to recover
couplings that are comparable to those outputted by Sinkhorn. We set the threshold for marginal
constraint satisfaction for both algorithms as ⌧K = ⌧ = 0.001 and run all algorithms to convergence,
with infinite iteration budget. For the coupling experiments, we use the single-cell multiplex data
of Bunne et al. [2023], reflecting morphological features and protein intensities of melanoma tumor
cells. The data describes d = 47 features for n ⇡ 11, 000 control cells, and m ⇡ 2, 800 treated cells,
for each of 34 drugs, of which we use only 6 at random. To align the cell populations, we consider
two ground costs: the squared-Euclidean norm k · k2 as well as h =

1
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p, with p = 1.5.

Results for 6 drugs are displayed in Figure 5. The area of the marker reflects the total number of
Sinkhorn iterations needed for either algorithm to converge to a coupling with a threshold ⌧ = 10

�3.
The values for � and K displayed in the legend are encoded using colors. The global scaling parameter
for PROGOT is set to ✓ = 2

�4. Figure 8 and 9 visualize other choices for ✓. These results prove that
PROGOT provides a competitive alternative to Sinkhorn, to compute couplings that yield a small
entropy and cost at a low computational effort, while satisfying the same level of marginal constraints.
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Table1:PerformanceofPROGOTcomparedtobaselines,w.r.tD"Dbetweensourceandtargetof
thesci-Plexdataset.Reportednumbersaretheaverageof5runs,togetherwiththestandarderror.

DrugBelinostatGivinostatHesperadin5-drug
rank dPCA166425616642561664256

PROGOT2.9±0.18.8±0.120.8±0.23.3±0.29.0±0.321.9±0.33.7±0.410.1±0.423.1±0.41

EOT2.5±0.19.6±0.122.8±0.23.9±0.410.0±0.124.7±0.94.1±0.410.4±0.526±1.32
DebiasedEOT3.2±0.114.3±0.139.8±0.43.7±0.214.7±0.142.4±0.84.0±0.515.2±0.641±1.14
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ICNN5.0±0.114.7±0.142±15.1±0.114.8±0.240.3±0.14.0±0.414.4±0.546±2.15

2.5452.5502.5552.5602.5652.5702.575
Cost

9.0

9.2

9.4

9.6

9.8

E
nt
ro
py

cisplatin

ProgOT

Sinkhorn

12.8812.8912.9012.9112.9212.9312.94
Cost

9.0

9.2

9.4

9.6

9.8

E
nt
ro
py

dasatinib

ProgOT

Sinkhorn

4.644.654.664.674.68
Cost

9.0

9.2

9.4

9.6

9.8

10.0

E
nt
ro
py

everolimus

ProgOT

Sinkhorn

4.0044.0064.0084.0104.0124.0144.016
Cost

9.0

9.1

9.2

9.3

9.4

9.5

9.6

E
nt
ro
py

vindesine
10

5

10
4

10
3

18.6818.6918.7018.7118.7218.7318.74
Cost

9.0

9.2

9.4

9.6

9.8

10.0

10.2

10.4

E
nt
ro
py

staurosporine
10

5

10
4

10
3

2.7162.7182.7202.7222.7242.726
Cost

9.0

9.1

9.2

9.3

9.4

9.5

9.6

E
nt
ro
py

decitabine
10

5

10
4

10
3

�=0.008�=0.016�=0.031�=0.062K=2K=4K=8

Figure5:Performanceasacouplingsolveronthe4idataset.PROGOTreturnsbettercouplings,
intermsoftheOTcostandtheentropy,forafractionofSinkhorniterations,whilestillreturning
acouplingthathasthesamedeviationtotheoriginalmarginals.The(top)rowiscomputedusing
h=k.k2

2,the(bottom)rowshowsresultsforthecosth=
1
pk·kp

pwherep=1.5.

criterion(iii),leavingusonlythreequantitiestomonitor:computeeffortherequantifiedastotal
numberofSinkhorniterations,summedoverallKstepsforPROGOT),transportcostandentropy.
Whilecomputeeffortandtransportcostshould,ideally,beassmallaspossible,certainapplications
requiring,e.g.,differentiability[Cuturietal.,2019]orbettersamplecomplexity[Genevayetal.,
2019],maypreferhigherentropies.

Tomonitorthesethreequantities,andcoveraninterestingspaceofsolutionsthat,werunSinkhorn’s
algorithmforalogarithmicgridof"=�"0values(here"0isdefinedinLine2ofAlgorithm4),and
compareittoconstant-speedPROGOTwithK={2,4,8}.Becauseonecannotdirectlycomparereg-
ularizations,weexploremanychoicestoschedule"withinPROGOT.Followingthedefaultstrategy
usedinOTT-JAX[Cuturietal.,2022a],wesetateveryiteratek,"k=✓c̄k,wherec̄kis5%ofthethe
meanofthecostmatrixatthatiteration,asdetailedinAppendixB.WedonotuseAlgorithm4since
itreturnsaregularizationschedulethatistunedformapestimation,whilethegoalhereistorecover
couplingsthatarecomparabletothoseoutputtedbySinkhorn.Wesetthethresholdformarginal
constraintsatisfactionforbothalgorithmsas⌧K=⌧=0.001andrunallalgorithmstoconvergence,
withinfiniteiterationbudget.Forthecouplingexperiments,weusethesingle-cellmultiplexdata
ofBunneetal.[2023],reflectingmorphologicalfeaturesandproteinintensitiesofmelanomatumor
cells.Thedatadescribesd=47featuresforn⇡11,000controlcells,andm⇡2,800treatedcells,
foreachof34drugs,ofwhichweuseonly6atrandom.Toalignthecellpopulations,weconsider
twogroundcosts:thesquared-Euclideannormk·k2aswellash=

1
pk·kp

p,withp=1.5.

Resultsfor6drugsaredisplayedinFigure5.Theareaofthemarkerreflectsthetotalnumberof
Sinkhorniterationsneededforeitheralgorithmtoconvergetoacouplingwithathreshold⌧=10

�3.
Thevaluesfor�andKdisplayedinthelegendareencodedusingcolors.Theglobalscalingparameter
forPROGOTissetto✓=2

�4.Figure8and9visualizeotherchoicesfor✓.Theseresultsprovethat
PROGOTprovidesacompetitivealternativetoSinkhorn,tocomputecouplingsthatyieldasmall
entropyandcostatalowcomputationaleffort,whilesatisfyingthesamelevelofmarginalconstraints.
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Table 1: Performance of PROGOT compared to baselines, w.r.t D"D between source and target of
the sci-Plex dataset. Reported numbers are the average of 5 runs, together with the standard error.

Drug Belinostat Givinostat Hesperadin 5-drug
rankdPCA 16 64 256 16 64 256 16 64 256

PROGOT 2.9±0.1 8.8±0.1 20.8±0.2 3.3±0.2 9.0±0.3 21.9±0.3 3.7±0.4 10.1±0.4 23.1±0.4 1

EOT 2.5±0.1 9.6±0.1 22.8±0.2 3.9±0.4 10.0±0.1 24.7±0.9 4.1±0.4 10.4±0.5 26±1.3 2
Debiased EOT 3.2±0.1 14.3±0.1 39.8±0.4 3.7±0.2 14.7±0.1 42.4±0.8 4.0±0.5 15.2±0.6 41±1.1 4

Monge Gap 3.1±0.1 10.3±0.1 34.4±0.3 2.8±0.2 9.9±0.2 34.9±0.3 3.7±0.5 11.0±0.5 36±1.1 3
ICNN 5.0±0.1 14.7± 0.1 42±1 5.1±0.1 14.8±0.2 40.3±0.1 4.0±0.4 14.4±0.5 46±2.1 5
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Figure 5: Performance as a coupling solver on the 4i dataset. PROGOT returns better couplings,
in terms of the OT cost and the entropy, for a fraction of Sinkhorn iterations, while still returning
a coupling that has the same deviation to the original marginals. The (top) row is computed using
h = k.k2

2, the (bottom) row shows results for the cost h =
1
pk · kp

p where p = 1.5.

criterion (iii), leaving us only three quantities to monitor: compute effort here quantified as total
number of Sinkhorn iterations, summed over all K steps for PROGOT), transport cost and entropy.
While compute effort and transport cost should, ideally, be as small as possible, certain applications
requiring, e.g., differentiability [Cuturi et al., 2019] or better sample complexity [Genevay et al.,
2019], may prefer higher entropies.

To monitor these three quantities, and cover an interesting space of solutions that, we run Sinkhorn’s
algorithm for a logarithmic grid of " = �"0 values (here "0 is defined in Line 2 of Algorithm 4), and
compare it to constant-speed PROGOT with K = {2, 4, 8}. Because one cannot directly compare reg-
ularizations, we explore many choices to schedule " within PROGOT. Following the default strategy
used in OTT-JAX [Cuturi et al., 2022a], we set at every iterate k, "k = ✓c̄k, where c̄k is 5% of the the
mean of the cost matrix at that iteration, as detailed in Appendix B. We do not use Algorithm 4 since
it returns a regularization schedule that is tuned for map estimation, while the goal here is to recover
couplings that are comparable to those outputted by Sinkhorn. We set the threshold for marginal
constraint satisfaction for both algorithms as ⌧K = ⌧ = 0.001 and run all algorithms to convergence,
with infinite iteration budget. For the coupling experiments, we use the single-cell multiplex data
of Bunne et al. [2023], reflecting morphological features and protein intensities of melanoma tumor
cells. The data describes d = 47 features for n ⇡ 11, 000 control cells, and m ⇡ 2, 800 treated cells,
for each of 34 drugs, of which we use only 6 at random. To align the cell populations, we consider
two ground costs: the squared-Euclidean norm k · k2 as well as h =

1
pk · kp

p, with p = 1.5.

Results for 6 drugs are displayed in Figure 5. The area of the marker reflects the total number of
Sinkhorn iterations needed for either algorithm to converge to a coupling with a threshold ⌧ = 10

�3.
The values for � and K displayed in the legend are encoded using colors. The global scaling parameter
for PROGOT is set to ✓ = 2

�4. Figure 8 and 9 visualize other choices for ✓. These results prove that
PROGOT provides a competitive alternative to Sinkhorn, to compute couplings that yield a small
entropy and cost at a low computational effort, while satisfying the same level of marginal constraints.
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Table 1: Performance of PROGOT compared to baselines, w.r.t D"D between source and target of
the sci-Plex dataset. Reported numbers are the average of 5 runs, together with the standard error.
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Figure 5: Performance as a coupling solver on the 4i dataset. PROGOT returns better couplings,
in terms of the OT cost and the entropy, for a fraction of Sinkhorn iterations, while still returning
a coupling that has the same deviation to the original marginals. The (top) row is computed using
h = k.k2

2, the (bottom) row shows results for the cost h =
1
pk · kp

p where p = 1.5.

criterion (iii), leaving us only three quantities to monitor: compute effort here quantified as total
number of Sinkhorn iterations, summed over all K steps for PROGOT), transport cost and entropy.
While compute effort and transport cost should, ideally, be as small as possible, certain applications
requiring, e.g., differentiability [Cuturi et al., 2019] or better sample complexity [Genevay et al.,
2019], may prefer higher entropies.

To monitor these three quantities, and cover an interesting space of solutions that, we run Sinkhorn’s
algorithm for a logarithmic grid of " = �"0 values (here "0 is defined in Line 2 of Algorithm 4), and
compare it to constant-speed PROGOT with K = {2, 4, 8}. Because one cannot directly compare reg-
ularizations, we explore many choices to schedule " within PROGOT. Following the default strategy
used in OTT-JAX [Cuturi et al., 2022a], we set at every iterate k, "k = ✓c̄k, where c̄k is 5% of the the
mean of the cost matrix at that iteration, as detailed in Appendix B. We do not use Algorithm 4 since
it returns a regularization schedule that is tuned for map estimation, while the goal here is to recover
couplings that are comparable to those outputted by Sinkhorn. We set the threshold for marginal
constraint satisfaction for both algorithms as ⌧K = ⌧ = 0.001 and run all algorithms to convergence,
with infinite iteration budget. For the coupling experiments, we use the single-cell multiplex data
of Bunne et al. [2023], reflecting morphological features and protein intensities of melanoma tumor
cells. The data describes d = 47 features for n ⇡ 11, 000 control cells, and m ⇡ 2, 800 treated cells,
for each of 34 drugs, of which we use only 6 at random. To align the cell populations, we consider
two ground costs: the squared-Euclidean norm k · k2 as well as h =

1
pk · kp

p, with p = 1.5.

Results for 6 drugs are displayed in Figure 5. The area of the marker reflects the total number of
Sinkhorn iterations needed for either algorithm to converge to a coupling with a threshold ⌧ = 10

�3.
The values for � and K displayed in the legend are encoded using colors. The global scaling parameter
for PROGOT is set to ✓ = 2

�4. Figure 8 and 9 visualize other choices for ✓. These results prove that
PROGOT provides a competitive alternative to Sinkhorn, to compute couplings that yield a small
entropy and cost at a low computational effort, while satisfying the same level of marginal constraints.
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Table 1: Performance of PROGOT compared to baselines, w.r.t D"D between source and target of
the sci-Plex dataset. Reported numbers are the average of 5 runs, together with the standard error.
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Figure 5: Performance as a coupling solver on the 4i dataset. PROGOT returns better couplings,
in terms of the OT cost and the entropy, for a fraction of Sinkhorn iterations, while still returning
a coupling that has the same deviation to the original marginals. The (top) row is computed using
h = k.k2

2, the (bottom) row shows results for the cost h =
1
pk · kp

p where p = 1.5.

criterion (iii), leaving us only three quantities to monitor: compute effort here quantified as total
number of Sinkhorn iterations, summed over all K steps for PROGOT), transport cost and entropy.
While compute effort and transport cost should, ideally, be as small as possible, certain applications
requiring, e.g., differentiability [Cuturi et al., 2019] or better sample complexity [Genevay et al.,
2019], may prefer higher entropies.

To monitor these three quantities, and cover an interesting space of solutions that, we run Sinkhorn’s
algorithm for a logarithmic grid of " = �"0 values (here "0 is defined in Line 2 of Algorithm 4), and
compare it to constant-speed PROGOT with K = {2, 4, 8}. Because one cannot directly compare reg-
ularizations, we explore many choices to schedule " within PROGOT. Following the default strategy
used in OTT-JAX [Cuturi et al., 2022a], we set at every iterate k, "k = ✓c̄k, where c̄k is 5% of the the
mean of the cost matrix at that iteration, as detailed in Appendix B. We do not use Algorithm 4 since
it returns a regularization schedule that is tuned for map estimation, while the goal here is to recover
couplings that are comparable to those outputted by Sinkhorn. We set the threshold for marginal
constraint satisfaction for both algorithms as ⌧K = ⌧ = 0.001 and run all algorithms to convergence,
with infinite iteration budget. For the coupling experiments, we use the single-cell multiplex data
of Bunne et al. [2023], reflecting morphological features and protein intensities of melanoma tumor
cells. The data describes d = 47 features for n ⇡ 11, 000 control cells, and m ⇡ 2, 800 treated cells,
for each of 34 drugs, of which we use only 6 at random. To align the cell populations, we consider
two ground costs: the squared-Euclidean norm k · k2 as well as h =

1
pk · kp

p, with p = 1.5.

Results for 6 drugs are displayed in Figure 5. The area of the marker reflects the total number of
Sinkhorn iterations needed for either algorithm to converge to a coupling with a threshold ⌧ = 10

�3.
The values for � and K displayed in the legend are encoded using colors. The global scaling parameter
for PROGOT is set to ✓ = 2

�4. Figure 8 and 9 visualize other choices for ✓. These results prove that
PROGOT provides a competitive alternative to Sinkhorn, to compute couplings that yield a small
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Figure A: For all reviewers. Example of a CIFAR10 image
and blurred variant. We match blurry images with originals
over the entire dataset of 60k images.

Original: dog Blurred: � = 2 Blurred: � = 4

Table B: For all reviewers. Coupling recovery for
PROGOT and Sinkhorn. PROGOT is run for K = 4
and with the constant-speed schedule.

� 2 4

Sinkhorn Tr(⇡") 0.9999 0.9954
KL(⇡?||⇡") 0.00008 0.02724
# iterations 10 2379

PROGOT Tr(⇡Prog) 1.000 0.9989
KL(⇡?||⇡Prog) 0.00000 0.00219

# iterations 40 1590

Table D: High-d GMM experiment for reviewers Z1nb

& Agip. Table shows the MSE, the average kŷ � ytestk2
2

where ŷ = T̂ (xtest) and ground truth ytest for ntest = 500
points. Untuned EOT results for reviewer Agip.

d = 128 d = 256
PROGOT 0.099±0.009 0.12±0.01

EOT 0.12±0.01 0.16±0.02
Debiased EOT 0.11±0.01 0.128±0.002
Untuned EOT 0.250±0.023 0.276±0.006
Monge Gap 0.36±0.02 0.273±0.005

ICNN 0.177±0.023 0.117±0.005

Table E: For reviewer mHCn. Exact number of iterations in
the coupling experiment on 4i dataset (Figure G).

Method PROGOT Sinkhorn
Config (K or �) 2 4 8 2�7 2�6 2�5 2�4

k · k2
2 cost

Cisplatin 226 348 456 400 276 192 132
Dasatinib 330 412 506 226 348 456 -

everolimus 268 376 472 608 244 166 114

k · k1.5
1.5 cost

vindesine 272 436 578 580 220 144 100
staurosporine 260 480 676 632 600 114 76

decitabine 204 322 444 182 128 90 64
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Figure F: For reviewer mHCn. Coupling experiments [Fig 5] are updated.
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Figure G: For reviewer mHCn. Coupling experiments are extended to sci-Plex. This example shows results with k · k2
2 cost.

Figure H: For reviewer mHCn. Snapshots of a gif visualizing the gradient of PROGOT. Link to the Google colab for generating
the gif has been shared with the AC, and is expected to reach the reviewers.
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The bigger picture

• Unbalanced OT
• The Schrödinger Bridge

• Scaling Limit
• Continuous time 

extension/implications

• Drug purtubations
• Robust generation
• Preference Learning
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Follow-ups OT Applications Other Applications

• Light, off-the-shelf, competitive baseline
• Blending static and dynamic views of OT
• [paper], [JAX tutorial] 

ProgOT

https://arxiv.org/abs/2406.05061
https://ott-jax.readthedocs.io/en/latest/tutorials/linear/700_progot.html
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