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Sequential Decision-Making & Bandits: Problem
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<latexit sha1_base64="hLNLcFsHvGPevoq3bGkeMZ5sFm8="></latexit>

At every step t
<latexit sha1_base64="dbYRYDBOB/K255XtGNcdyoTVk+0="></latexit>

Choose actions xt
<latexit sha1_base64="yORXmqmccVenZzaQn4bFNNobrZs="></latexit>

Receive feedback yt
<latexit sha1_base64="ClZ8lVK96RosupZQTYq3N/iB68s="></latexit>

yt = r(xt) + "t
unknown reward

obsv.noise
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<latexit sha1_base64="hLNLcFsHvGPevoq3bGkeMZ5sFm8="></latexit>

At every step t
<latexit sha1_base64="dbYRYDBOB/K255XtGNcdyoTVk+0="></latexit>

Choose actions xt
<latexit sha1_base64="yORXmqmccVenZzaQn4bFNNobrZs="></latexit>

Receive feedback yt
<latexit sha1_base64="ClZ8lVK96RosupZQTYq3N/iB68s="></latexit>

yt = r(xt) + "t
unknown reward

obsv.noise

<latexit sha1_base64="KaghdPhQcKAz1DrXe0jqkzZrEks="></latexit>

R(T ) =
TX

t=1

r(x?)� r(xt)

Goal: Choose actions that give a high reward

Motivation: maximize r using the fewest queries



Sequential Decision-Making & Bandits: Solutions

To take actions at every step: 
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<latexit sha1_base64="ClZ8lVK96RosupZQTYq3N/iB68s="></latexit>

yt = r(xt) + "t

- Use reward estimate to choose the next action

<latexit sha1_base64="hGUa50PC3d6lrTIGWzA2IOhllLo="></latexit>

Ht�1 = {(x1, y1), . . . , (xt�1, yt�1)}

- Estimate the reward function

Statistical model for the reward e.g. r is a linear function

history

(better) estimate r
maximize r

Heavily rely on the choice of model Model selection is key!

Many principles: optimism, 
expected improvement, 
entropy search

explore
exploit

based on:
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<latexit sha1_base64="ClZ8lVK96RosupZQTYq3N/iB68s="></latexit>

yt = r(xt) + "t

Model selection in this setting is not fun and games…

samples are
non-i.i.d

samples are
not so diverse

- Use reward estimate to choose the next action

<latexit sha1_base64="hGUa50PC3d6lrTIGWzA2IOhllLo="></latexit>

Ht�1 = {(x1, y1), . . . , (xt�1, yt�1)}

- Estimate the reward function

Statistical model for the reward e.g. r is a linear function

history

(better) estimate r
maximize r

explore
exploit

based on:

4

To take actions at every step: 

Open problem: when is (efficient) online model selection possible?
[Agarwal et al. 2017]



Blackbox Approaches

Static Experts Adaptive Experts

Model Selection as online search through a bag of algorithms.
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Instatiate M algorithms each using a different model

<latexit sha1_base64="u80cZ7yd6vb5Gy01uQExPEZX8jo=">AAACEXicbZDPSsNAEMY39V+t/6oevQSL4KkkUtSj4MWjBVuFJshkM9HF3U3Y3Sgh9Ak8qg/jTbz6BD6LF7dtBG39YOHHNzPM7BdlnGnjeZ9ObW5+YXGpvtxYWV1b32hubvV1miuKPZryVF1FoJEziT3DDMerTCGIiONldHc6ql/eo9IslRemyDAUcCNZwigYa3X962bLa3tjubPgV9Ailc6vm19BnNJcoDSUg9YD38tMWIIyjHIcNoJcYwb0Dm5wYFGCQB2W40OH7p51YjdJlX3SuGP390QJQutCRLZTgLnV07WR+V9tkJvkOCyZzHKDkk4WJTl3TeqOfu3GTCE1vLAAVDF7q0tvQQE1NptGoFDiA02FABmXQQKC8SLGBHJuhmWgkx+2afnT2cxC/6DtH7Y73U7rxKtyq5Mdskv2iU+OyAk5I+ekRyhB8kieyYvz5Lw6b877pLXmVDPb5I+cj292+J7L</latexit>

1

<latexit sha1_base64="RK7DC81Xlr8/pvDaPmCq7+LuTDA=">AAACEXicbZDLSsNAFIYn3q23qks3wSK4KomIuiy4cSNYsBdoQjmZnOjgzCTMTJQQ+gQu1YdxJ259Ap/FjdOLoK0/DHz85xzOmT/KONPG8z6dufmFxaXlldXK2vrG5lZ1e6et01xRbNGUp6obgUbOJLYMMxy7mUIQEcdOdHc+rHfuUWmWymtTZBgKuJEsYRSMtZqX/WrNq3sjubPgT6BGJrrqV7+COKW5QGkoB617vpeZsARlGOU4qAS5xgzoHdxgz6IEgTosR4cO3APrxG6SKvukcUfu74kShNaFiGynAHOrp2tD879aLzfJWVgymeUGJR0vSnLumtQd/tqNmUJqeGEBqGL2VpfeggJqbDaVQKHEB5oKATIugwQE40WMCeTcDMpAJz9s0/Kns5mF9lHdP6kfN49rDW+S2wrZI/vkkPjklDTIBbkiLUIJkkfyTF6cJ+fVeXPex61zzmRml/yR8/ENpeSe5w==</latexit>

M

<latexit sha1_base64="Qj8Rb40Z7nsLxaz4BU/znEipelY=">AAACFnicbVBNS8NAFNz4bf2qevQSLIKnkoioR8GLRwVbhaaUl81LXd3dhN0XpYT+B4/qj/EmXr36W7y4rRW0dWBhmHnDeztxLoWlIPjwpqZnZufmFxYrS8srq2vV9Y2mzQrDscEzmZmrGCxKobFBgiRe5QZBxRIv49uTgX95h8aKTF9QL8e2gq4WqeBATmpGSUa20qnWgnowhD9JwhGpsRHOOtVPF+SFQk1cgrWtMMipXYIhwSX2K1FhMQd+C11sOapBoW2Xw2v7/o5TEj/NjHua/KH6O1GCsranYjepgK7tuDcQ//NaBaVH7VLovCDU/HtRWkifMn/wdT8RBjnJniPAjXC3+vwaDHByBVUigxrveaYU6KSMUlBC9hJMoZDULyOb/nDXVjjezSRp7tXDg/r++X7tOBj1tsC22DbbZSE7ZMfslJ2xBuPshj2wJ/bsPXov3qv39j065Y0ym+wPvPcvdBCg7A==</latexit>

...

Online Model Selection problem

Why do we need to select?
Why not just try out everything?
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Instatiate M algorithms each using a different model

<latexit sha1_base64="u80cZ7yd6vb5Gy01uQExPEZX8jo=">AAACEXicbZDPSsNAEMY39V+t/6oevQSL4KkkUtSj4MWjBVuFJshkM9HF3U3Y3Sgh9Ak8qg/jTbz6BD6LF7dtBG39YOHHNzPM7BdlnGnjeZ9ObW5+YXGpvtxYWV1b32hubvV1miuKPZryVF1FoJEziT3DDMerTCGIiONldHc6ql/eo9IslRemyDAUcCNZwigYa3X962bLa3tjubPgV9Ailc6vm19BnNJcoDSUg9YD38tMWIIyjHIcNoJcYwb0Dm5wYFGCQB2W40OH7p51YjdJlX3SuGP390QJQutCRLZTgLnV07WR+V9tkJvkOCyZzHKDkk4WJTl3TeqOfu3GTCE1vLAAVDF7q0tvQQE1NptGoFDiA02FABmXQQKC8SLGBHJuhmWgkx+2afnT2cxC/6DtH7Y73U7rxKtyq5Mdskv2iU+OyAk5I+ekRyhB8kieyYvz5Lw6b877pLXmVDPb5I+cj292+J7L</latexit>

1

<latexit sha1_base64="RK7DC81Xlr8/pvDaPmCq7+LuTDA=">AAACEXicbZDLSsNAFIYn3q23qks3wSK4KomIuiy4cSNYsBdoQjmZnOjgzCTMTJQQ+gQu1YdxJ259Ap/FjdOLoK0/DHz85xzOmT/KONPG8z6dufmFxaXlldXK2vrG5lZ1e6et01xRbNGUp6obgUbOJLYMMxy7mUIQEcdOdHc+rHfuUWmWymtTZBgKuJEsYRSMtZqX/WrNq3sjubPgT6BGJrrqV7+COKW5QGkoB617vpeZsARlGOU4qAS5xgzoHdxgz6IEgTosR4cO3APrxG6SKvukcUfu74kShNaFiGynAHOrp2tD879aLzfJWVgymeUGJR0vSnLumtQd/tqNmUJqeGEBqGL2VpfeggJqbDaVQKHEB5oKATIugwQE40WMCeTcDMpAJz9s0/Kns5mF9lHdP6kfN49rDW+S2wrZI/vkkPjklDTIBbkiLUIJkkfyTF6cJ+fVeXPex61zzmRml/yR8/ENpeSe5w==</latexit>

M

<latexit sha1_base64="Qj8Rb40Z7nsLxaz4BU/znEipelY=">AAACFnicbVBNS8NAFNz4bf2qevQSLIKnkoioR8GLRwVbhaaUl81LXd3dhN0XpYT+B4/qj/EmXr36W7y4rRW0dWBhmHnDeztxLoWlIPjwpqZnZufmFxYrS8srq2vV9Y2mzQrDscEzmZmrGCxKobFBgiRe5QZBxRIv49uTgX95h8aKTF9QL8e2gq4WqeBATmpGSUa20qnWgnowhD9JwhGpsRHOOtVPF+SFQk1cgrWtMMipXYIhwSX2K1FhMQd+C11sOapBoW2Xw2v7/o5TEj/NjHua/KH6O1GCsranYjepgK7tuDcQ//NaBaVH7VLovCDU/HtRWkifMn/wdT8RBjnJniPAjXC3+vwaDHByBVUigxrveaYU6KSMUlBC9hJMoZDULyOb/nDXVjjezSRp7tXDg/r++X7tOBj1tsC22DbbZSE7ZMfslJ2xBuPshj2wJ/bsPXov3qv39j065Y0ym+wPvPcvdBCg7A==</latexit>

...

Online Model Selection problem

Why do we need to select?
Why not just try out everything?

5

image source: flaticon

Instatiate M
 algorithm

s each using a different m
odel

<latexit sha1_base64="u80cZ7yd6vb5Gy01uQExPEZX8jo=">AAACEXicbZDPSsNAEMY39V+t/6oevQSL4KkkUtSj4MWjBVuFJshkM9HF3U3Y3Sgh9Ak8qg/jTbz6BD6LF7dtBG39YOHHNzPM7BdlnGnjeZ9ObW5+YXGpvtxYWV1b32hubvV1miuKPZryVF1FoJEziT3DDMerTCGIiONldHc6ql/eo9IslRemyDAUcCNZwigYa3X962bLa3tjubPgV9Ailc6vm19BnNJcoDSUg9YD38tMWIIyjHIcNoJcYwb0Dm5wYFGCQB2W40OH7p51YjdJlX3SuGP390QJQutCRLZTgLnV07WR+V9tkJvkOCyZzHKDkk4WJTl3TeqOfu3GTCE1vLAAVDF7q0tvQQE1NptGoFDiA02FABmXQQKC8SLGBHJuhmWgkx+2afnT2cxC/6DtH7Y73U7rxKtyq5Mdskv2iU+OyAk5I+ekRyhB8kieyYvz5Lw6b877pLXmVDPb5I+cj292+J7L</latexit>

1<latexit sha1_base64="RK7DC81Xlr8/pvDaPmCq7+LuTDA=">AAACEXicbZDLSsNAFIYn3q23qks3wSK4KomIuiy4cSNYsBdoQjmZnOjgzCTMTJQQ+gQu1YdxJ259Ap/FjdOLoK0/DHz85xzOmT/KONPG8z6dufmFxaXlldXK2vrG5lZ1e6et01xRbNGUp6obgUbOJLYMMxy7mUIQEcdOdHc+rHfuUWmWymtTZBgKuJEsYRSMtZqX/WrNq3sjubPgT6BGJrrqV7+COKW5QGkoB617vpeZsARlGOU4qAS5xgzoHdxgz6IEgTosR4cO3APrxG6SKvukcUfu74kShNaFiGynAHOrp2tD879aLzfJWVgymeUGJR0vSnLumtQd/tqNmUJqeGEBqGL2VpfeggJqbDaVQKHEB5oKATIugwQE40WMCeTcDMpAJz9s0/Kns5mF9lHdP6kfN49rDW+S2wrZI/vkkPjklDTIBbkiLUIJkkfyTF6cJ+fVeXPex61zzmRml/yR8/ENpeSe5w==</latexit>M

<latexit sha1_base64="Qj8Rb40Z7nsLxaz4BU/znEipelY=">AAACFnicbVBNS8NAFNz4bf2qevQSLIKnkoioR8GLRwVbhaaUl81LXd3dhN0XpYT+B4/qj/EmXr36W7y4rRW0dWBhmHnDeztxLoWlIPjwpqZnZufmFxYrS8srq2vV9Y2mzQrDscEzmZmrGCxKobFBgiRe5QZBxRIv49uTgX95h8aKTF9QL8e2gq4WqeBATmpGSUa20qnWgnowhD9JwhGpsRHOOtVPF+SFQk1cgrWtMMipXYIhwSX2K1FhMQd+C11sOapBoW2Xw2v7/o5TEj/NjHua/KH6O1GCsranYjepgK7tuDcQ//NaBaVH7VLovCDU/HtRWkifMn/wdT8RBjnJniPAjXC3+vwaDHByBVUigxrveaYU6KSMUlBC9hJMoZDULyOb/nDXVjjezSRp7tXDg/r++X7tOBj1tsC22DbbZSE7ZMfslJ2xBuPshj2wJ/bsPXov3qv39j065Y0ym+wPvPcvdBCg7A==</latexit>

...

O
nline M

odel Selection problem

W
hy do w

e need to select?
W

hy not just try out everything?[Haussler et al., 1998, Auer et al., 2002b, 
McMahan and Streeter 2009, Foster et al., 2017]

Be as good as: the global maxima

[Maillard and Munos, 2011, Agarwal et al., 
2017, Pacchiano et al., 2020, Luo et al., 2022]

Be as good as:
   best-in-hindsight expert

Get M suggestions
<latexit sha1_base64="Sqin3913kVeZOQ3IKVfKkSWl/rE=">AAACGHicbVBNS8NAEN3Ur1q/oh69LBahBamJlOqx4MWLUMF+QBvLZrNpl242YXcjlpCf4cW/4sWDIl5789+4aXPQ6sAyj/dmZmeeGzEqlWV9GYWV1bX1jeJmaWt7Z3fP3D/oyDAWmLRxyELRc5EkjHLSVlQx0osEQYHLSNedXGV694EISUN+p6YRcQI04tSnGClNDc2zgRsyT04DneDjfVKxq+kpHHihkjotaTfVdGiWrZo1D/gX2DkogzxaQ3Omh+E4IFxhhqTs21aknAQJRTEjaWkQSxIhPEEj0teQo4BIJ5kflsITzXjQD4V+XME5+7MjQYHM9tOVAVJjuaxl5H9aP1b+pZNQHsWKcLz4yI8ZVCHMXIIeFQQrNtUAYUH1rhCPkUBYaS9L2gR7+eS/oHNesxu1xm293KzndhTBETgGFWCDC9AE16AF2gCDJ/AC3sC78Wy8Gh/G56K0YOQ9h+BXGLNvWoKfTg==</latexit>

x(1), . . . ,x(M)

<latexit sha1_base64="9WEw2Jd+TpFVIQR/dAzDrLSM4vk=">AAAB+XicbVDLSgMxFM34rPU16tJNsAh1U2akVJcFN26ECvYB7VAyaaYNzWNIMoVh6J+4caGIW//EnX9jpp2Fth4IHM65l3tywphRbTzv29nY3Nre2S3tlfcPDo+O3ZPTjpaJwqSNJZOqFyJNGBWkbahhpBcrgnjISDec3uV+d0aUplI8mTQmAUdjQSOKkbHS0HUHHJmJ4lksWTqvPlwN3YpX8xaA68QvSAUUaA3dr8FI4oQTYTBDWvd9LzZBhpShmJF5eZBoEiM8RWPSt1QgTnSQLZLP4aVVRjCSyj5h4EL9vZEhrnXKQzuZ59SrXi7+5/UTE90GGRVxYojAy0NRwqCRMK8Bjqgi2LDUEoQVtVkhniCFsLFllW0J/uqX10nnuuY3ao3HeqVZL+oogXNwAarABzegCe5BC7QBBjPwDF7Bm5M5L86787Ec3XCKnTPwB87nD3v1k4c=</latexit>

poly(M)

<latexit sha1_base64="LR6VT+ct4MMSRdLLPd/qzQVZjYs="></latexit>

Choose one xt

Get M suggestions
<latexit sha1_base64="LR6VT+ct4MMSRdLLPd/qzQVZjYs="></latexit>

Choose one xt

: Exponential Weights

Online Model Selection
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<latexit sha1_base64="QaOE+ngkIM8Ejsxli06CelprdXw="></latexit>

<latexit sha1_base64="u80cZ7yd6vb5Gy01uQExPEZX8jo=">AAACEXicbZDPSsNAEMY39V+t/6oevQSL4KkkUtSj4MWjBVuFJshkM9HF3U3Y3Sgh9Ak8qg/jTbz6BD6LF7dtBG39YOHHNzPM7BdlnGnjeZ9ObW5+YXGpvtxYWV1b32hubvV1miuKPZryVF1FoJEziT3DDMerTCGIiONldHc6ql/eo9IslRemyDAUcCNZwigYa3X962bLa3tjubPgV9Ailc6vm19BnNJcoDSUg9YD38tMWIIyjHIcNoJcYwb0Dm5wYFGCQB2W40OH7p51YjdJlX3SuGP390QJQutCRLZTgLnV07WR+V9tkJvkOCyZzHKDkk4WJTl3TeqOfu3GTCE1vLAAVDF7q0tvQQE1NptGoFDiA02FABmXQQKC8SLGBHJuhmWgkx+2afnT2cxC/6DtH7Y73U7rxKtyq5Mdskv2iU+OyAk5I+ekRyhB8kieyYvz5Lw6b877pLXmVDPb5I+cj292+J7L</latexit>

1

<latexit sha1_base64="RK7DC81Xlr8/pvDaPmCq7+LuTDA=">AAACEXicbZDLSsNAFIYn3q23qks3wSK4KomIuiy4cSNYsBdoQjmZnOjgzCTMTJQQ+gQu1YdxJ259Ap/FjdOLoK0/DHz85xzOmT/KONPG8z6dufmFxaXlldXK2vrG5lZ1e6et01xRbNGUp6obgUbOJLYMMxy7mUIQEcdOdHc+rHfuUWmWymtTZBgKuJEsYRSMtZqX/WrNq3sjubPgT6BGJrrqV7+COKW5QGkoB617vpeZsARlGOU4qAS5xgzoHdxgz6IEgTosR4cO3APrxG6SKvukcUfu74kShNaFiGynAHOrp2tD879aLzfJWVgymeUGJR0vSnLumtQd/tqNmUJqeGEBqGL2VpfeggJqbDaVQKHEB5oKATIugwQE40WMCeTcDMpAJz9s0/Kns5mF9lHdP6kfN49rDW+S2wrZI/vkkPjklDTIBbkiLUIJkkfyTF6cJ+fVeXPex61zzmRml/yR8/ENpeSe5w==</latexit>

M

<latexit sha1_base64="1bEjNRuHkH5rXb+2/ZTRGeM8Ezo=">AAACEXicbZDPSsNAEMY39V+t/6oevQSL4KkkUtSj4MWjBVuFJshkM9HF3U3Y3Sgh9Ak8qg/jTbz6BD6LF7dtBG39YOHHNzPM7BdlnGnjeZ9ObW5+YXGpvtxYWV1b32hubvV1miuKPZryVF1FoJEziT3DDMerTCGIiONldHc6ql/eo9IslRemyDAUcCNZwigYa3XZdbPltb2x3FnwK2iRSufXza8gTmkuUBrKQeuB72UmLEEZRjkOG0GuMQN6Bzc4sChBoA7L8aFDd886sZukyj5p3LH7e6IEoXUhItspwNzq6drI/K82yE1yHJZMZrlBSSeLkpy7JnVHv3ZjppAaXlgAqpi91aW3oIAam00jUCjxgaZCgIzLIAHBeBFjAjk3wzLQyQ/btPzpbGahf9D2D9udbqd14lW51ckO2SX7xCdH5ISckXPSI5QgeSTP5MV5cl6dN+d90lpzqplt8kfOxzfU0J8D</latexit>

i

<latexit sha1_base64="hMqFOJ0TOmwFy2s3M6biSYo1ki0=">AAACFXicbVBNS8NAFNzUr1q/qh69BIvgqSQi6lHw4lHB1kJT5GXzokt3N2H3RSmhv8Gj+mO8iVfP/hYvbmsFrQ4sDDNveG8nzqWwFATvXmVmdm5+obpYW1peWV2rr2+0bVYYji2eycx0YrAohcYWCZLYyQ2CiiVexv2TkX95i8aKTF/QIMeegmstUsGBnNSKkozsVb0RNIMx/L8knJAGm+Dsqv7hcrxQqIlLsLYbBjn1SjAkuMRhLSos5sD7cI1dRzUotL1yfOzQ33FK4qeZcU+TP1Z/JkpQ1g5U7CYV0I2d9kbif163oPSoVwqdF4Safy1KC+lT5o9+7ifCICc5cAS4Ee5Wn9+AAU6un1pkUOMdz5QCnZRRCkrIQYIpFJKGZWTTb+7aCqe7+Uvae83woLl/vt84Dia9VdkW22a7LGSH7JidsjPWYpwJds8e2ZP34D17L97r12jFm2Q22S94b588I6DY</latexit>. . .

<latexit sha1_base64="1IGt9f8lTqnwWB4NL1x1K+Q6OGs="></latexit>

qt 2 �M

<latexit sha1_base64="6Z3qSdfr8XV7+lWTbKjWVjSHkjM="></latexit>

it ⇠ qt

<latexit sha1_base64="gyQPxSyVP4s0LJF28T4W9rHiis8="></latexit>

Update qt

<latexit sha1_base64="L67QbFoWu4eEabtCUYEDLsod73U=">AAACI3icbVBNSxxBFOzRGM2qycQcc2lcAp6WGVmMR8FLjgquCjvL8qbnjTb2x9D9Rl2G/Sde9c94Ey8e/Cc5pGfdQKIWNF1UvccrKq+U9JQkT9HC4oelj8srnzqra+ufv8RfN469rZ3AgbDKutMcPCppcECSFJ5WDkHnCk/yi/3WP7lE56U1RzSpcKThzMhSCqAgjeM4y60q/ESHj1+PqTOOu0kvmYG/JemcdNkcB+P4d1ZYUWs0JBR4P0yTikYNOJJC4bST1R4rEBdwhsNADWj0o2aWfMp/BKXgpXXhGeIz9d+NBrRvw4VJDXTuX3ut+J43rKncHTXSVDWhES+HylpxsrytgRfSoSA1CQSEkyErF+fgQFAoq5M5NHglrNZgiiYrQUs1KbCEWtG0yXz5l7d1pa/LeUuOt3vpTq9/2O/u9efFrbDvbJNtsZT9ZHvsFztgAybYJbtht+wuuo3uo4fo8WV0IZrvfGP/IXr+A7YZpX0=</latexit>xt

<latexit sha1_base64="8A48DYaaoIcdm+fPnPhoRYlpeAg=">AAACFXicbZBNS8NAEIY3flu/qh69BIvgqSRS1KPgxaOC/YCmlMlm0i7d3YTdiVJC/4JX/TPexKtn/4sHk7aCXy8sPLwzw8y+YSqFJc97dxYWl5ZXVtfWKxubW9s71d29lk0yw7HJE5mYTggWpdDYJEESO6lBUKHEdji6LOvtOzRWJPqWxin2FAy0iAUHKi3Rp0q/WvPq3lTuX/DnUGNzXferH0GU8EyhJi7B2q7vpdTLwZDgEieVILOYAh/BALsFalBoe/n01ol7VDiRGyemeJrcqft9Igdl7ViFRacCGtrftdL8r9bNKD7v5UKnGaHms0VxJl1K3PLjbiQMcpLjAoAbUdzq8iEY4FTEUwkMarzniVKgozyIQQk5jjCGTNIkD2z8xWVc/u9w/kLrpO6f1hs3jdpFYx7cGjtgh+yY+eyMXbArds2ajLMhe2CP7Ml5dJ6dF+d11rrgzGf22Q85b59PUqAS</latexit>

it

<latexit sha1_base64="8kYaWgjW2Eb010DXmyKCDUYI8pE="></latexit>

yt = r(xt) + ✏t

Agent j only uses     to model the reward

Has action selection strategy 
<latexit sha1_base64="ZCDw3uVV6qAlFu7x7RXn8GORwBE="></latexit>

pt,j 2 M(X )

<latexit sha1_base64="5zei13CdoYotWvwesg6nEblbML8="></latexit>

�j

Update all agents

Instead of commiting to a single model,

Instatiate M “agents”

Randomly iterate over the models and at each step choose one

[KEKP 2023]

which is updated at every step e.g. UCB

: A meta bandit algorithm

Online Model Selection
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<latexit sha1_base64="QaOE+ngkIM8Ejsxli06CelprdXw="></latexit>

<latexit sha1_base64="u80cZ7yd6vb5Gy01uQExPEZX8jo=">AAACEXicbZDPSsNAEMY39V+t/6oevQSL4KkkUtSj4MWjBVuFJshkM9HF3U3Y3Sgh9Ak8qg/jTbz6BD6LF7dtBG39YOHHNzPM7BdlnGnjeZ9ObW5+YXGpvtxYWV1b32hubvV1miuKPZryVF1FoJEziT3DDMerTCGIiONldHc6ql/eo9IslRemyDAUcCNZwigYa3X962bLa3tjubPgV9Ailc6vm19BnNJcoDSUg9YD38tMWIIyjHIcNoJcYwb0Dm5wYFGCQB2W40OH7p51YjdJlX3SuGP390QJQutCRLZTgLnV07WR+V9tkJvkOCyZzHKDkk4WJTl3TeqOfu3GTCE1vLAAVDF7q0tvQQE1NptGoFDiA02FABmXQQKC8SLGBHJuhmWgkx+2afnT2cxC/6DtH7Y73U7rxKtyq5Mdskv2iU+OyAk5I+ekRyhB8kieyYvz5Lw6b877pLXmVDPb5I+cj292+J7L</latexit>

1

<latexit sha1_base64="RK7DC81Xlr8/pvDaPmCq7+LuTDA=">AAACEXicbZDLSsNAFIYn3q23qks3wSK4KomIuiy4cSNYsBdoQjmZnOjgzCTMTJQQ+gQu1YdxJ259Ap/FjdOLoK0/DHz85xzOmT/KONPG8z6dufmFxaXlldXK2vrG5lZ1e6et01xRbNGUp6obgUbOJLYMMxy7mUIQEcdOdHc+rHfuUWmWymtTZBgKuJEsYRSMtZqX/WrNq3sjubPgT6BGJrrqV7+COKW5QGkoB617vpeZsARlGOU4qAS5xgzoHdxgz6IEgTosR4cO3APrxG6SKvukcUfu74kShNaFiGynAHOrp2tD879aLzfJWVgymeUGJR0vSnLumtQd/tqNmUJqeGEBqGL2VpfeggJqbDaVQKHEB5oKATIugwQE40WMCeTcDMpAJz9s0/Kns5mF9lHdP6kfN49rDW+S2wrZI/vkkPjklDTIBbkiLUIJkkfyTF6cJ+fVeXPex61zzmRml/yR8/ENpeSe5w==</latexit>

M

<latexit sha1_base64="1bEjNRuHkH5rXb+2/ZTRGeM8Ezo=">AAACEXicbZDPSsNAEMY39V+t/6oevQSL4KkkUtSj4MWjBVuFJshkM9HF3U3Y3Sgh9Ak8qg/jTbz6BD6LF7dtBG39YOHHNzPM7BdlnGnjeZ9ObW5+YXGpvtxYWV1b32hubvV1miuKPZryVF1FoJEziT3DDMerTCGIiONldHc6ql/eo9IslRemyDAUcCNZwigYa3XZdbPltb2x3FnwK2iRSufXza8gTmkuUBrKQeuB72UmLEEZRjkOG0GuMQN6Bzc4sChBoA7L8aFDd886sZukyj5p3LH7e6IEoXUhItspwNzq6drI/K82yE1yHJZMZrlBSSeLkpy7JnVHv3ZjppAaXlgAqpi91aW3oIAam00jUCjxgaZCgIzLIAHBeBFjAjk3wzLQyQ/btPzpbGahf9D2D9udbqd14lW51ckO2SX7xCdH5ISckXPSI5QgeSTP5MV5cl6dN+d90lpzqplt8kfOxzfU0J8D</latexit>

i

<latexit sha1_base64="hMqFOJ0TOmwFy2s3M6biSYo1ki0=">AAACFXicbVBNS8NAFNzUr1q/qh69BIvgqSQi6lHw4lHB1kJT5GXzokt3N2H3RSmhv8Gj+mO8iVfP/hYvbmsFrQ4sDDNveG8nzqWwFATvXmVmdm5+obpYW1peWV2rr2+0bVYYji2eycx0YrAohcYWCZLYyQ2CiiVexv2TkX95i8aKTF/QIMeegmstUsGBnNSKkozsVb0RNIMx/L8knJAGm+Dsqv7hcrxQqIlLsLYbBjn1SjAkuMRhLSos5sD7cI1dRzUotL1yfOzQ33FK4qeZcU+TP1Z/JkpQ1g5U7CYV0I2d9kbif163oPSoVwqdF4Safy1KC+lT5o9+7ifCICc5cAS4Ee5Wn9+AAU6un1pkUOMdz5QCnZRRCkrIQYIpFJKGZWTTb+7aCqe7+Uvae83woLl/vt84Dia9VdkW22a7LGSH7JidsjPWYpwJds8e2ZP34D17L97r12jFm2Q22S94b588I6DY</latexit>. . .

<latexit sha1_base64="1IGt9f8lTqnwWB4NL1x1K+Q6OGs="></latexit>

qt 2 �M

<latexit sha1_base64="6Z3qSdfr8XV7+lWTbKjWVjSHkjM="></latexit>

it ⇠ qt

<latexit sha1_base64="gyQPxSyVP4s0LJF28T4W9rHiis8="></latexit>

Update qt

<latexit sha1_base64="L67QbFoWu4eEabtCUYEDLsod73U=">AAACI3icbVBNSxxBFOzRGM2qycQcc2lcAp6WGVmMR8FLjgquCjvL8qbnjTb2x9D9Rl2G/Sde9c94Ey8e/Cc5pGfdQKIWNF1UvccrKq+U9JQkT9HC4oelj8srnzqra+ufv8RfN469rZ3AgbDKutMcPCppcECSFJ5WDkHnCk/yi/3WP7lE56U1RzSpcKThzMhSCqAgjeM4y60q/ESHj1+PqTOOu0kvmYG/JemcdNkcB+P4d1ZYUWs0JBR4P0yTikYNOJJC4bST1R4rEBdwhsNADWj0o2aWfMp/BKXgpXXhGeIz9d+NBrRvw4VJDXTuX3ut+J43rKncHTXSVDWhES+HylpxsrytgRfSoSA1CQSEkyErF+fgQFAoq5M5NHglrNZgiiYrQUs1KbCEWtG0yXz5l7d1pa/LeUuOt3vpTq9/2O/u9efFrbDvbJNtsZT9ZHvsFztgAybYJbtht+wuuo3uo4fo8WV0IZrvfGP/IXr+A7YZpX0=</latexit>xt

<latexit sha1_base64="8A48DYaaoIcdm+fPnPhoRYlpeAg=">AAACFXicbZBNS8NAEIY3flu/qh69BIvgqSRS1KPgxaOC/YCmlMlm0i7d3YTdiVJC/4JX/TPexKtn/4sHk7aCXy8sPLwzw8y+YSqFJc97dxYWl5ZXVtfWKxubW9s71d29lk0yw7HJE5mYTggWpdDYJEESO6lBUKHEdji6LOvtOzRWJPqWxin2FAy0iAUHKi3Rp0q/WvPq3lTuX/DnUGNzXferH0GU8EyhJi7B2q7vpdTLwZDgEieVILOYAh/BALsFalBoe/n01ol7VDiRGyemeJrcqft9Igdl7ViFRacCGtrftdL8r9bNKD7v5UKnGaHms0VxJl1K3PLjbiQMcpLjAoAbUdzq8iEY4FTEUwkMarzniVKgozyIQQk5jjCGTNIkD2z8xWVc/u9w/kLrpO6f1hs3jdpFYx7cGjtgh+yY+eyMXbArds2ajLMhe2CP7Ml5dJ6dF+d11rrgzGf22Q85b59PUqAS</latexit>

it

<latexit sha1_base64="8kYaWgjW2Eb010DXmyKCDUYI8pE="></latexit>

yt = r(xt) + ✏t

Agent j only uses     to model the reward

Has action selection strategy 
<latexit sha1_base64="ZCDw3uVV6qAlFu7x7RXn8GORwBE="></latexit>

pt,j 2 M(X )

<latexit sha1_base64="5zei13CdoYotWvwesg6nEblbML8="></latexit>

�j

Update all agents

Instead of commiting to a single model,

Instatiate M “agents”

Randomly iterate over the models and at each step choose one

[KEKP 2023]

which is updated at every step e.g. UCB

How to hallucinate rewards

Thanks to Aaditya & SAVI friends!

<latexit sha1_base64="zUT3GWFo8Rgj49LfBd9ycDdTnYk="></latexit>

✓̂t = argmin
1

t
||yt � �t✓||22 + �t

MX

j=1

||✓j ||2

Turn lasso into a sparse online regression oracle

Variance & 
bias are both 

<latexit sha1_base64="sZ0nqIboqLsJp/r/aqZQEqDl3pw="></latexit>

logM

Conf Seq

Theorem (Anytime Conf. Seq.)

If for all t � 1

�t �
c1
p
t

q
log(M/�) +

p
d (log(M/�) + (log log d)+)

then,

P
✓
8t � 1 :

���✓ � ✓̂t
���
2


c2�t

2(�t , 2)

◆
� 1� �

<latexit sha1_base64="zCFl7D1fP427VOgUUPZcT37pYgo="></latexit>

c1 and c2 made exact in the paper

Restricted Eigenvalue property [check paper]

Difference 
with offline 
Lasso?

cost of going ‘time uniform’ 

<latexit sha1_base64="YDHxYB4R7uYPPc8Spql7S0ZAN+A="></latexit>���
���
�
�>

t ✏t
�
j

���
���

Instead of sub-gaussian concentration,

Design a self-normalized martingale based on

Apply a “stitched” time uniform boundary [Howard et al. ‘21]

Empirical process error

<latexit sha1_base64="IXjHIuXqr0OXe9HErJsWExnFu5I=">AAACHHicbVBLSwMxEM76rPW16tFLsAgtSNnVUj0WvHgRKtgHtLVks9k2NJtdklmxLP0hXvwrXjwo4sWD4L8xfRy0dSDMx/fNTGY+LxZcg+N8W0vLK6tr65mN7ObW9s6uvbdf11GiKKvRSESq6RHNBJesBhwEa8aKkdATrOENLsd6454pzSN5C8OYdULSkzzglIChuvZZ24uEr4ehSfihC3dp3i2MTnDbj0CbtKBeF0ZdO+cUnUngReDOQA7Notq1P804moRMAhVE65brxNBJiQJOBRtl24lmMaED0mMtAyUJme6kk+NG+NgwPg4iZZ4EPGF/d6Qk1OMNTWVIoK/ntTH5n9ZKILjopFzGCTBJpx8FicAQ4bFT2OeKURBDAwhV3OyKaZ8oQsH4mTUmuPMnL4L6adEtF8s3pVylNLMjgw7REcojF52jCrpCVVRDFD2iZ/SK3qwn68V6tz6mpUvWrOcA/Qnr6we7OaEc</latexit>

x(1)
t , . . . ,x(M)

t

Update expert j

<latexit sha1_base64="FV+IgcN5qSrsOJbahcMHeKTZhzE=">AAAB/nicbVBLSwMxGMzWV62vVfHkJViEeim7UqrHghePFewD2nXJZrNtbDZZkqxYloJ/xYsHRbz6O7z5b8y2PWjrQMgw831kMkHCqNKO820VVlbX1jeKm6Wt7Z3dPXv/oK1EKjFpYcGE7AZIEUY5aWmqGekmkqA4YKQTjK5yv/NApKKC3+pxQrwYDTiNKEbaSL591A8EC9U4Nhd89PVdVrk/m/h22ak6U8Bl4s5JGczR9O2vfihwGhOuMUNK9Vwn0V6GpKaYkUmpnyqSIDxCA9IzlKOYKC+bxp/AU6OEMBLSHK7hVP29kaFY5QnNZIz0UC16ufif10t1dOlllCepJhzPHopSBrWAeRcwpJJgzcaGICypyQrxEEmEtWmsZEpwF7+8TNrnVbderd/Uyo3avI4iOAYnoAJccAEa4Bo0QQtgkIFn8ArerCfrxXq3PmajBWu+cwj+wPr8ARatlYk=</latexit>

x(j)
t

5



Problem Setting in this Talk

6

The reward is linearly parametrized by an unknown feature map
<latexit sha1_base64="rBz8WHyOAe6KOuz0ws6v72sbIKE="></latexit>�
�j : Rd0 ! Rd, j = 1, . . . ,M

 

+ typical bdd assump.

i.i.d. zero-mean sub-gaussian noise

Online Model Selection problem:

<latexit sha1_base64="KaghdPhQcKAz1DrXe0jqkzZrEks="></latexit>

R(T ) =
TX

t=1

r(x?)� r(xt)
<latexit sha1_base64="DpqVug/9v9f/uUi30xwW4K4jr/0="></latexit>

� Sublinear

� logM

<latexit sha1_base64="Yy9blRbotHvgQYYX5Dc07sdLW8k="></latexit>

in T

Model Class



Warm-up Solution: Explore then Commit

7

Use Group Lasso for implicit model selection

For the remaining steps, always do

<latexit sha1_base64="bbi8g8HVlbvn+YpurfDPKcscfGU="></latexit>

R(T ) = O( 3
p

T 2 logM)

For     steps, take i.i.d. samples following a uniform, or “diverse” 
distribution

<latexit sha1_base64="MdI9uIjRETkUSR1hkZIL9qqLeeA="></latexit>

T0

<latexit sha1_base64="2bTGv3WfGd1KygD7lP9qedPQ2Rc="></latexit>

xt = argmax ✓̂
>
�(x)

<latexit sha1_base64="nnq4sMjHbb98pg8ioOUTxpQGUv0="></latexit>

Under good choice of T0 and � satisfies,

w.h.p.

<latexit sha1_base64="6eWMb+mCQLhKaqF084/S1JS41XM="></latexit>

✓̂ = argmin
1

T0
ky � �✓k22 + �

MX

j=1

k✓jk2

(matches lower bound in certain action domains) 



Warm-up Solution: Explore then Commit

7

Use the Lasso for implicit model selection

For the remaining steps, always do

For     steps, take i.i.d. samples following a uniform, or “diverse” 
distribution <latexit sha1_base64="E24Tlo9eZUs+NVp7U1duh0vP6K8="></latexit>

Incur high regret of 2BT0

<latexit sha1_base64="ElSn4RfPZ2hbVGCNLwB7HlG8dF0="></latexit>

Relies on Lasso variable selection

<latexit sha1_base64="EdRJ759luYPSXclht9HB5A7mZ2I="></latexit>

Is not any-time: only works if horizon T is known in advance

w.h.p.

(matches lower bound in certain action domains) 

(doubling trick aside) 



Online Model Selection
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<latexit sha1_base64="QaOE+ngkIM8Ejsxli06CelprdXw="></latexit>

<latexit sha1_base64="u80cZ7yd6vb5Gy01uQExPEZX8jo=">AAACEXicbZDPSsNAEMY39V+t/6oevQSL4KkkUtSj4MWjBVuFJshkM9HF3U3Y3Sgh9Ak8qg/jTbz6BD6LF7dtBG39YOHHNzPM7BdlnGnjeZ9ObW5+YXGpvtxYWV1b32hubvV1miuKPZryVF1FoJEziT3DDMerTCGIiONldHc6ql/eo9IslRemyDAUcCNZwigYa3X962bLa3tjubPgV9Ailc6vm19BnNJcoDSUg9YD38tMWIIyjHIcNoJcYwb0Dm5wYFGCQB2W40OH7p51YjdJlX3SuGP390QJQutCRLZTgLnV07WR+V9tkJvkOCyZzHKDkk4WJTl3TeqOfu3GTCE1vLAAVDF7q0tvQQE1NptGoFDiA02FABmXQQKC8SLGBHJuhmWgkx+2afnT2cxC/6DtH7Y73U7rxKtyq5Mdskv2iU+OyAk5I+ekRyhB8kieyYvz5Lw6b877pLXmVDPb5I+cj292+J7L</latexit>

1

<latexit sha1_base64="RK7DC81Xlr8/pvDaPmCq7+LuTDA=">AAACEXicbZDLSsNAFIYn3q23qks3wSK4KomIuiy4cSNYsBdoQjmZnOjgzCTMTJQQ+gQu1YdxJ259Ap/FjdOLoK0/DHz85xzOmT/KONPG8z6dufmFxaXlldXK2vrG5lZ1e6et01xRbNGUp6obgUbOJLYMMxy7mUIQEcdOdHc+rHfuUWmWymtTZBgKuJEsYRSMtZqX/WrNq3sjubPgT6BGJrrqV7+COKW5QGkoB617vpeZsARlGOU4qAS5xgzoHdxgz6IEgTosR4cO3APrxG6SKvukcUfu74kShNaFiGynAHOrp2tD879aLzfJWVgymeUGJR0vSnLumtQd/tqNmUJqeGEBqGL2VpfeggJqbDaVQKHEB5oKATIugwQE40WMCeTcDMpAJz9s0/Kns5mF9lHdP6kfN49rDW+S2wrZI/vkkPjklDTIBbkiLUIJkkfyTF6cJ+fVeXPex61zzmRml/yR8/ENpeSe5w==</latexit>

M

<latexit sha1_base64="1bEjNRuHkH5rXb+2/ZTRGeM8Ezo=">AAACEXicbZDPSsNAEMY39V+t/6oevQSL4KkkUtSj4MWjBVuFJshkM9HF3U3Y3Sgh9Ak8qg/jTbz6BD6LF7dtBG39YOHHNzPM7BdlnGnjeZ9ObW5+YXGpvtxYWV1b32hubvV1miuKPZryVF1FoJEziT3DDMerTCGIiONldHc6ql/eo9IslRemyDAUcCNZwigYa3XZdbPltb2x3FnwK2iRSufXza8gTmkuUBrKQeuB72UmLEEZRjkOG0GuMQN6Bzc4sChBoA7L8aFDd886sZukyj5p3LH7e6IEoXUhItspwNzq6drI/K82yE1yHJZMZrlBSSeLkpy7JnVHv3ZjppAaXlgAqpi91aW3oIAam00jUCjxgaZCgIzLIAHBeBFjAjk3wzLQyQ/btPzpbGahf9D2D9udbqd14lW51ckO2SX7xCdH5ISckXPSI5QgeSTP5MV5cl6dN+d90lpzqplt8kfOxzfU0J8D</latexit>

i

<latexit sha1_base64="hMqFOJ0TOmwFy2s3M6biSYo1ki0=">AAACFXicbVBNS8NAFNzUr1q/qh69BIvgqSQi6lHw4lHB1kJT5GXzokt3N2H3RSmhv8Gj+mO8iVfP/hYvbmsFrQ4sDDNveG8nzqWwFATvXmVmdm5+obpYW1peWV2rr2+0bVYYji2eycx0YrAohcYWCZLYyQ2CiiVexv2TkX95i8aKTF/QIMeegmstUsGBnNSKkozsVb0RNIMx/L8knJAGm+Dsqv7hcrxQqIlLsLYbBjn1SjAkuMRhLSos5sD7cI1dRzUotL1yfOzQ33FK4qeZcU+TP1Z/JkpQ1g5U7CYV0I2d9kbif163oPSoVwqdF4Safy1KC+lT5o9+7ifCICc5cAS4Ee5Wn9+AAU6un1pkUOMdz5QCnZRRCkrIQYIpFJKGZWTTb+7aCqe7+Uvae83woLl/vt84Dia9VdkW22a7LGSH7JidsjPWYpwJds8e2ZP34D17L97r12jFm2Q22S94b588I6DY</latexit>. . .

<latexit sha1_base64="1IGt9f8lTqnwWB4NL1x1K+Q6OGs="></latexit>

qt 2 �M

<latexit sha1_base64="6Z3qSdfr8XV7+lWTbKjWVjSHkjM="></latexit>

it ⇠ qt

<latexit sha1_base64="gyQPxSyVP4s0LJF28T4W9rHiis8="></latexit>

Update qt

<latexit sha1_base64="L67QbFoWu4eEabtCUYEDLsod73U=">AAACI3icbVBNSxxBFOzRGM2qycQcc2lcAp6WGVmMR8FLjgquCjvL8qbnjTb2x9D9Rl2G/Sde9c94Ey8e/Cc5pGfdQKIWNF1UvccrKq+U9JQkT9HC4oelj8srnzqra+ufv8RfN469rZ3AgbDKutMcPCppcECSFJ5WDkHnCk/yi/3WP7lE56U1RzSpcKThzMhSCqAgjeM4y60q/ESHj1+PqTOOu0kvmYG/JemcdNkcB+P4d1ZYUWs0JBR4P0yTikYNOJJC4bST1R4rEBdwhsNADWj0o2aWfMp/BKXgpXXhGeIz9d+NBrRvw4VJDXTuX3ut+J43rKncHTXSVDWhES+HylpxsrytgRfSoSA1CQSEkyErF+fgQFAoq5M5NHglrNZgiiYrQUs1KbCEWtG0yXz5l7d1pa/LeUuOt3vpTq9/2O/u9efFrbDvbJNtsZT9ZHvsFztgAybYJbtht+wuuo3uo4fo8WV0IZrvfGP/IXr+A7YZpX0=</latexit>xt

<latexit sha1_base64="8A48DYaaoIcdm+fPnPhoRYlpeAg=">AAACFXicbZBNS8NAEIY3flu/qh69BIvgqSRS1KPgxaOC/YCmlMlm0i7d3YTdiVJC/4JX/TPexKtn/4sHk7aCXy8sPLwzw8y+YSqFJc97dxYWl5ZXVtfWKxubW9s71d29lk0yw7HJE5mYTggWpdDYJEESO6lBUKHEdji6LOvtOzRWJPqWxin2FAy0iAUHKi3Rp0q/WvPq3lTuX/DnUGNzXferH0GU8EyhJi7B2q7vpdTLwZDgEieVILOYAh/BALsFalBoe/n01ol7VDiRGyemeJrcqft9Igdl7ViFRacCGtrftdL8r9bNKD7v5UKnGaHms0VxJl1K3PLjbiQMcpLjAoAbUdzq8iEY4FTEUwkMarzniVKgozyIQQk5jjCGTNIkD2z8xWVc/u9w/kLrpO6f1hs3jdpFYx7cGjtgh+yY+eyMXbArds2ajLMhe2CP7Ml5dJ6dF+d11rrgzGf22Q85b59PUqAS</latexit>

it

<latexit sha1_base64="8kYaWgjW2Eb010DXmyKCDUYI8pE="></latexit>

yt = r(xt) + ✏t

Agent j only uses     to model the reward

Has action selection strategy 
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�j

Requires having observed the reward for the choice of each agent

Reward not observed? Hallucinate it.

Update all agents

Instead of commiting to a single model,

Instatiate M “agents”

Randomly iterate over the models and at each step choose one

[KEKP 2023]

which is updated at every step e.g. UCB
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Turn group lasso into a sparse online regression oracle

How to hallucinate rewards
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action selection strategy 
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Hallucinate the reward of agent j as
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Conf Seq

Theorem (Anytime Lasso Conf Seq)

For appropriate choice of (�t)t�1,

P
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���
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log(M/�)
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How to iterate over agents

Exponential Weighting

<latexit sha1_base64="I6Ehqmm/IlUErzNGlAa7ahQAJ2g="></latexit>

qt,j =
exp(⌘t

Pt�1
s=1 rs,j)PM

i=1 exp(⌘t
Pt�1

s=1 rs,i)

<latexit sha1_base64="K38kvY7Tb1CXkwNiKDZuq7yicOY="></latexit>

=
exp(⌘t

Pt�1
s=1 r̂s,j)PM

i=1 exp(⌘t
Pt�1

s=1 r̂s,i)

<latexit sha1_base64="Af0iSZ8SmRyELrI76sRhGR77xGc="></latexit>

r̂t,j = Ex⇠pt,j ✓̂
>
t �(x)

<latexit sha1_base64="QaOE+ngkIM8Ejsxli06CelprdXw="></latexit>

<latexit sha1_base64="u80cZ7yd6vb5Gy01uQExPEZX8jo=">AAACEXicbZDPSsNAEMY39V+t/6oevQSL4KkkUtSj4MWjBVuFJshkM9HF3U3Y3Sgh9Ak8qg/jTbz6BD6LF7dtBG39YOHHNzPM7BdlnGnjeZ9ObW5+YXGpvtxYWV1b32hubvV1miuKPZryVF1FoJEziT3DDMerTCGIiONldHc6ql/eo9IslRemyDAUcCNZwigYa3X962bLa3tjubPgV9Ailc6vm19BnNJcoDSUg9YD38tMWIIyjHIcNoJcYwb0Dm5wYFGCQB2W40OH7p51YjdJlX3SuGP390QJQutCRLZTgLnV07WR+V9tkJvkOCyZzHKDkk4WJTl3TeqOfu3GTCE1vLAAVDF7q0tvQQE1NptGoFDiA02FABmXQQKC8SLGBHJuhmWgkx+2afnT2cxC/6DtH7Y73U7rxKtyq5Mdskv2iU+OyAk5I+ekRyhB8kieyYvz5Lw6b877pLXmVDPb5I+cj292+J7L</latexit>

1

<latexit sha1_base64="RK7DC81Xlr8/pvDaPmCq7+LuTDA=">AAACEXicbZDLSsNAFIYn3q23qks3wSK4KomIuiy4cSNYsBdoQjmZnOjgzCTMTJQQ+gQu1YdxJ259Ap/FjdOLoK0/DHz85xzOmT/KONPG8z6dufmFxaXlldXK2vrG5lZ1e6et01xRbNGUp6obgUbOJLYMMxy7mUIQEcdOdHc+rHfuUWmWymtTZBgKuJEsYRSMtZqX/WrNq3sjubPgT6BGJrrqV7+COKW5QGkoB617vpeZsARlGOU4qAS5xgzoHdxgz6IEgTosR4cO3APrxG6SKvukcUfu74kShNaFiGynAHOrp2tD879aLzfJWVgymeUGJR0vSnLumtQd/tqNmUJqeGEBqGL2VpfeggJqbDaVQKHEB5oKATIugwQE40WMCeTcDMpAJz9s0/Kns5mF9lHdP6kfN49rDW+S2wrZI/vkkPjklDTIBbkiLUIJkkfyTF6cJ+fVeXPex61zzmRml/yR8/ENpeSe5w==</latexit>

M

<latexit sha1_base64="1bEjNRuHkH5rXb+2/ZTRGeM8Ezo=">AAACEXicbZDPSsNAEMY39V+t/6oevQSL4KkkUtSj4MWjBVuFJshkM9HF3U3Y3Sgh9Ak8qg/jTbz6BD6LF7dtBG39YOHHNzPM7BdlnGnjeZ9ObW5+YXGpvtxYWV1b32hubvV1miuKPZryVF1FoJEziT3DDMerTCGIiONldHc6ql/eo9IslRemyDAUcCNZwigYa3XZdbPltb2x3FnwK2iRSufXza8gTmkuUBrKQeuB72UmLEEZRjkOG0GuMQN6Bzc4sChBoA7L8aFDd886sZukyj5p3LH7e6IEoXUhItspwNzq6drI/K82yE1yHJZMZrlBSSeLkpy7JnVHv3ZjppAaXlgAqpi91aW3oIAam00jUCjxgaZCgIzLIAHBeBFjAjk3wzLQyQ/btPzpbGahf9D2D9udbqd14lW51ckO2SX7xCdH5ISckXPSI5QgeSTP5MV5cl6dN+d90lpzqplt8kfOxzfU0J8D</latexit>

i

<latexit sha1_base64="hMqFOJ0TOmwFy2s3M6biSYo1ki0=">AAACFXicbVBNS8NAFNzUr1q/qh69BIvgqSQi6lHw4lHB1kJT5GXzokt3N2H3RSmhv8Gj+mO8iVfP/hYvbmsFrQ4sDDNveG8nzqWwFATvXmVmdm5+obpYW1peWV2rr2+0bVYYji2eycx0YrAohcYWCZLYyQ2CiiVexv2TkX95i8aKTF/QIMeegmstUsGBnNSKkozsVb0RNIMx/L8knJAGm+Dsqv7hcrxQqIlLsLYbBjn1SjAkuMRhLSos5sD7cI1dRzUotL1yfOzQ33FK4qeZcU+TP1Z/JkpQ1g5U7CYV0I2d9kbif163oPSoVwqdF4Safy1KC+lT5o9+7ifCICc5cAS4Ee5Wn9+AAU6un1pkUOMdz5QCnZRRCkrIQYIpFJKGZWTTb+7aCqe7+Uvae83woLl/vt84Dia9VdkW22a7LGSH7JidsjPWYpwJds8e2ZP34D17L97r12jFm2Q22S94b588I6DY</latexit>. . .

<latexit sha1_base64="1IGt9f8lTqnwWB4NL1x1K+Q6OGs="></latexit>

qt 2 �M

<latexit sha1_base64="6Z3qSdfr8XV7+lWTbKjWVjSHkjM="></latexit>

it ⇠ qt

10

<latexit sha1_base64="Q/W0vRxPVB05U9XV76B72LdcbRQ="></latexit>

increase qt,j if r̂t,j was high

Estimate of the reward obtained 
by agent j so far

sensitivity of updates

[KEKP 2023]



Putting it all together: ALExp

Algo

Algorithm 1 ALEXP

Inputs: �t , ⌘t , �t for t � 1

for t � 1 do
Draw xt ⇠ (1� �t)

PM
j=1 qt,jpt,j + �tUnif(X )

Observe yt = r(xt) + ✏t .
Append history Ht = Ht�1 [ {(xt , yt)}.
Update agents pt,j for j = 1, . . . ,M.

Calculate ✓̂t  Lasso(Ht ,�t) and estimate

r̂t,j  Ex⇠pt+1,j [✓̂
>
t �(x)]

Update selection distribution

qt+1,j  
exp(⌘t

Pt
s=1 r̂s,j)PM

i=1 exp(⌘t
Pt

s=1 r̂s,i )

end for

Anytime Exponential weighting algorithm with Lasso reward estimates
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Find j? while maximizing for the unknown r
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[Open problem of Agarwal et al. 2017 in the Linear case]

[KEKP 2023]

Regret

Theorem (Online Model Selection)

For appropriate choices of parameters, ALEXP with a

UCB oracle agent satisfies

R(T ) = O

✓q
T log

3
M + T

3/4
p

logM

◆

w.h.p. simultaneously for all T � 1.

Probably not tight? Lower bounds not clear.



A classic interpretation of ALExp

[KEKP 2023]

[for bandit enthusiasts]

… is almost an Exp4 algorithm. 

each expert is adaptive regression oracle is Lasso

as oppose to static experts with 
pre-set sequence of actions/advices

as oppose to Importance 
Weighted Estimator or OLS

In this context, regret w.r.t. to agent j roughly is..
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Model Selection for Optimistic algorithms
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M = 55

Explore then commit

Figure 1: ALEXP can model-select in both
orthogonal and correlated classes (M = 55)

Figure 2: ALEXP performs well
on a large class (M = 165)

O(n3/4
p
logM), and while it is still sublinear and scales logarithmically with M , the dependency on

n is sub-optimal. This may be due to the conservative nature of our model selection analysis, during
which we do not make assumptions about the dynamics of the base agents. Therefore, to ensure
sufficiently diverse data for successful model selection, we need to occasionally choose exploratory
actions with a vanishing probability of �t. We conjecture that this is avoidable, if we make more
assumptions about the agents, e.g., that a sufficient number of agents can achieve sublinear regret
if executed in isolation. Banerjee et al. [2023] show that the data collected by sublinear algorithms
organically satisfies a minimum eigenvalue lowerbound, which may also be sufficient for model
selection. We leave this as an open question for future work.

6 Experiments
Experiment Setup. We create a synthetic dataset based on our data model (Section 3), and choose
the domain to be 1-dimensional X = [�1, 1]. As a natural choice of features, we consider the set of
degree-p Legendre polynomials, since they form an orthonormal basis for L2(X ) if p grows unbound-
edly. We construct each feature map, by choosing s different polynomials from this set, and therefore
obtaining M =

�p+1
s

�
different models. More formally, we let �j(x) = (Pj1(x), . . . , Pjs(x)) 2 Rs

where {j1, . . . , js} ⇢ {1, . . . , p} and Pj0 denotes a degree j0 Legendre polynomial. To construct
the reward function, we randomly sample j? from [M ], and draw ✓j? from an i.i.d. standard gaussian
distribution. We then normalize ||✓j? || = 1. When sampling from the reward, we add Gaussian noise
with standard deviation � = 0.01. Figure 5 in the appendix shows how the random reward functions
may look. For all experiments we set n = 100, and plot the cumulative regret R(n) averaged over
20 different random seeds, the shaded areas in all figures show the standard error across these runs.

Algorithms. We perform experiments on two UCB algorithms, one with oracle knowledge of j?,
and a naive one which takes into account all M feature maps. We run Explore-then-Commit (ETC)
by Hao et al. [2020], which explores for a horizon of n0 steps, performs Lasso once, and then selects
actions greedily for the remaining steps. As another baseline, we introduce Explore-then-Select (ETS)
that explores for n0 steps, performs model selection using the sparsity pattern of the Lasso estimator.
For the remaining steps, the policy switches to UCB, calculated based on the selected features.
Performance of ETC and ETS depends highly on n0, so we tune this hyperparameter separately for
each experiment. We also run CORRAL as proposed by Agarwal et al. [2017], with UCB agents similar
to ALEXP. We tune the hyper-parameters of CORRAL as well. To initialize ALEXP we set the rates of
�t, �t and ⌘t according to Theorem 1, and perform a light hyper-parameter tuning to choose the scaling
constants. We have included the details and results of our hyper-parameter tuning in Appendix F.1.
To solve (1), we use CELER, a fast solver for the group Lasso [Massias et al., 2018]. Every time UCB
policy is used, we set the exploration coefficient �t = 2, and every time exploration is required, we
sample according to ⇡ = Unif(X ). Appendix F includes the pseudo-code for all baseline algorithms.

Easy vs. Hard Cases. We construct an easy problem instance, where s = 2, p = 10, and thus
M = 55. Models are lightly correlated since each two model can have at most one Legendre
polynomial in common. We also generate an instance with highly correlated feature maps where
s = 8 and p = 10, which will be a harder problem, since out of the total M = 55 models, there are
36 models which have at least 6 Legendre polynomials in common with the oracle model j?. Figure 1
shows that not only ALEXP is not affected by the correlations between the models, but also it achieves
a performance competitive to the oracle in both cases, implying that our exponential weights technique
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Figure 2: ALEXP performs well
on a large class (M = 165)
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and a naive one which takes into account all M feature maps. We run Explore-then-Commit (ETC)
by Hao et al. [2020], which explores for a horizon of n0 steps, performs Lasso once, and then selects
actions greedily for the remaining steps. As another baseline, we introduce Explore-then-Select (ETS)
that explores for n0 steps, performs model selection using the sparsity pattern of the Lasso estimator.
For the remaining steps, the policy switches to UCB, calculated based on the selected features.
Performance of ETC and ETS depends highly on n0, so we tune this hyperparameter separately for
each experiment. We also run CORRAL as proposed by Agarwal et al. [2017], with UCB agents similar
to ALEXP. We tune the hyper-parameters of CORRAL as well. To initialize ALEXP we set the rates of
�t, �t and ⌘t according to Theorem 1, and perform a light hyper-parameter tuning to choose the scaling
constants. We have included the details and results of our hyper-parameter tuning in Appendix F.1.
To solve (1), we use CELER, a fast solver for the group Lasso [Massias et al., 2018]. Every time UCB
policy is used, we set the exploration coefficient �t = 2, and every time exploration is required, we
sample according to ⇡ = Unif(X ). Appendix F includes the pseudo-code for all baseline algorithms.

Easy vs. Hard Cases. We construct an easy problem instance, where s = 2, p = 10, and thus
M = 55. Models are lightly correlated since each two model can have at most one Legendre
polynomial in common. We also generate an instance with highly correlated feature maps where
s = 8 and p = 10, which will be a harder problem, since out of the total M = 55 models, there are
36 models which have at least 6 Legendre polynomials in common with the oracle model j?. Figure 1
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sufficiently diverse data for successful model selection, we need to occasionally choose exploratory
actions with a vanishing probability of �t. We conjecture that this is avoidable, if we make more
assumptions about the agents, e.g., that a sufficient number of agents can achieve sublinear regret
if executed in isolation. Banerjee et al. [2023] show that the data collected by sublinear algorithms
organically satisfies a minimum eigenvalue lowerbound, which may also be sufficient for model
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the reward function, we randomly sample j? from [M ], and draw ✓j? from an i.i.d. standard gaussian
distribution. We then normalize ||✓j? || = 1. When sampling from the reward, we add Gaussian noise
with standard deviation � = 0.01. Figure 5 in the appendix shows how the random reward functions
may look. For all experiments we set n = 100, and plot the cumulative regret R(n) averaged over
20 different random seeds, the shaded areas in all figures show the standard error across these runs.

Algorithms. We perform experiments on two UCB algorithms, one with oracle knowledge of j?,
and a naive one which takes into account all M feature maps. We run Explore-then-Commit (ETC)
by Hao et al. [2020], which explores for a horizon of n0 steps, performs Lasso once, and then selects
actions greedily for the remaining steps. As another baseline, we introduce Explore-then-Select (ETS)
that explores for n0 steps, performs model selection using the sparsity pattern of the Lasso estimator.
For the remaining steps, the policy switches to UCB, calculated based on the selected features.
Performance of ETC and ETS depends highly on n0, so we tune this hyperparameter separately for
each experiment. We also run CORRAL as proposed by Agarwal et al. [2017], with UCB agents similar
to ALEXP. We tune the hyper-parameters of CORRAL as well. To initialize ALEXP we set the rates of
�t, �t and ⌘t according to Theorem 1, and perform a light hyper-parameter tuning to choose the scaling
constants. We have included the details and results of our hyper-parameter tuning in Appendix F.1.
To solve (1), we use CELER, a fast solver for the group Lasso [Massias et al., 2018]. Every time UCB
policy is used, we set the exploration coefficient �t = 2, and every time exploration is required, we
sample according to ⇡ = Unif(X ). Appendix F includes the pseudo-code for all baseline algorithms.

Easy vs. Hard Cases. We construct an easy problem instance, where s = 2, p = 10, and thus
M = 55. Models are lightly correlated since each two model can have at most one Legendre
polynomial in common. We also generate an instance with highly correlated feature maps where
s = 8 and p = 10, which will be a harder problem, since out of the total M = 55 models, there are
36 models which have at least 6 Legendre polynomials in common with the oracle model j?. Figure 1
shows that not only ALEXP is not affected by the correlations between the models, but also it achieves
a performance competitive to the oracle in both cases, implying that our exponential weights technique

8

uses all features [Agarwal et al. 2017]
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Figure 3: ALEXP is hardly affected by increasing the number of models (y-axis have various scales)

Figure 4: ALEXP can rule out models without ever having queried them (M = 165)

for model selection is robust to choice of features. ETC and ETS rely on Lasso for model selection,
which performs poorly in the case of correlated features. CORRAL uses log-barrier-OMD with an
importance-weighted estimator, which has a significantly high variance. The curve for CORRAL in
Figures 1 and 2 is cropped since the regret values get very large. Figure 6 shows the complete results.
We construct another hard instance (Fig. 2), where the model class is large (s = 3, p = 10,M = 165).
ALEXP continues to outperform all baselines with a significant gap. It is clear in the regret curves
how explore-then-commit style algorithms are inherently horizon-dependent, and may exhibit linear
regret, if stopped at an arbitrary time. This is not an issue with the other algorithms.

Scaling with M. Figure 3 shows how well the algorithms scale as M grows. For this experiment we
set s = 2 and change p 2 {9, . . . , 13}. While increasing M hardly affects ALEXP and Oracle UCB,
other baselines become less and less sample efficient.

Learning Dynamics of ALEXP. Figure 4 gives some insight into the dynamics of ALEXP when
M = 165. In particular, it shows how ALEXP can rule out sub-optimal agents without ever having
queried them. Figure (a) shows the distribution qt, at t = 20 which is roughly equal to the optimal n0

for ETC in this configuration. The oracle model j? is annotated with a star, and has the highest prob-
ability of selection. We observe that, already at this time step, more than 80% of the agents are practi-
cally ruled out, due to small probability of selection. However, according to Figure (b), which shows
Mt the total number of visited models, less than 10% of the models are queried at t = 20. This is the
key practical benefit of ALEXP compared to black-box algorithms such as CORRAL. Lastly, Figure (c)
shows how qt,j? the probability of selecting the oracle agent changes with time. While this probability
is higher than that of the other agents, Figure (c) shows that qt,j? is not exceeding 0.25, therefore
there is always a probability of greater than 0.75 that we sample another agent, making ALEXP
robust to hard problem instances where many agents perform efficiently. We conclude that ALEXP
seems to rapidly recognize the better performing agents, and select among them with high probability.

7 Conclusion

We proposed ALEXP, an algorithm for simultaneous online model selection and bandit optimization.
As a first, our approach leads to anytime valid guarantees for model selection and bandit regret,
and does not rely on a priori determined exploration schedule. Further, we showed how the Lasso
can be used together with the exponential weights algorithm to construct a low-variance online
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Let’s see how things evolve turing training…
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What’s left open?
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1. Is exploration necessary for model selection?
<latexit sha1_base64="mM80ANZQCZFquCp0npHdRyaLsK4="></latexit>
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connected to lowerbounds on min-eigenvals of covariance matrix

Algo

Algorithm 1 ALEXP

Inputs: �t , ⌘t , �t for t � 1

for t � 1 do
Draw xt ⇠ (1� �t)

PM
j=1 qt,jpt,j + �tUnif(X )

Observe yt = r(xt) + ✏t .
Append history Ht = Ht�1 [ {(xt , yt)}.
Update agents pt,j for j = 1, . . . ,M.

Calculate ✓̂t  Lasso(Ht ,�t) and estimate

r̂t,j  Ex⇠pt+1,j [✓̂
>
t �(x)]

Update selection distribution

qt+1,j  
exp(⌘t

Pt
s=1 r̂s,j)PM

i=1 exp(⌘t
Pt

s=1 r̂s,i )

end for
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rewards

some new results: pure exploration is not necessary.



What’s left open?

[KEKP 2023] 16

1. Is exploration necessary for model selection?

2. For what other model classes (efficient) model selection is possible?

Linear ✔

Blackbox Class of size M?

Infinite class with bounded eluder dimension?
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log d̃ upper bound?
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Poly(M) lower bound?
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